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Abstract
We compute supersymmetric indices which count local operators at certain half-BPS interfaces
and quarter-BPS junctions of interfaces in four-dimensional N = 4 Super Yang-Mills theory. We
use the indices as very stringent tests of a variety of string theory-inspired conjectures about the
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1 Introduction and conclusions
Superconformal indices [1, 2, 3] are a well-established tool to study supersymmetric quantum field
theories and their duality properties. The superconformal index can be used in essentially in any
situation where one has two supercharges which square to a combination of the dilatation operator
and other symmetry generators of the theory. They may be used to “count” local operators both in
the bulk of a SCFT and at a variety of superconformal defects, in which case they allow one to study
properties and dualities of these defects. There is a vast literature on the subject, which would be too
lengthy to review here. We will refer through the text to the works most relevant for our analysis.
In this paper we concern ourselves with four-dimensional N = 4 Super Yang-Mills (SYM) theory
with U(N) gauge group. We are interested in co-dimension one defects (aka boundaries or interfaces)
which preserve a three-dimensional N = 4 superconformal algebra, such as these introduced and
studied in [4, 5, 6]. The local operators at these boundaries can be enumerated by a supersymmetric
index in a manner analogous to three-dimensional N = 4 SCFTs. Indeed, the three-dimensional
superconformal index is well-defined even for 3d N = 2 SCFTs [7, 8, 9] and for half-BPS defects in
4d N = 2 SCFTs [10].
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The superconformal index for some interesting half-BPS interfaces in 4d N = 4 SYM was studied
in [11]. Here we study more examples and we go one further step down in dimension, looking at
quarter-BPS 2d junctions of half-BPS 3d defects. In particular, we focus on junctions which preserve
a two-dimensional N = (0, 4) sub-algebra of the bulk supersymmetry algebra, which played an
important role in recent work on the Geometric Langlands program [12, 13, 14] and admit interesting
String Theory constructions [15, 16] which result in a precise prescription for the action of S-duality.
The associated superconformal index will give us very stringent tests of these conjectural dualitites.
1.1 Structure
The structure of the paper is straightforward: we introduce the relevant indices and then write them
down explicitly for a long list of pairs (or triples) of defects conjecturally related by duality, which
should thus have the same index. For some of the examples we give an explicit proof of the equality
of the indices, for some others we describe a strategy which should allow for a direct proof with some
extra work. In all cases we compare a large number of terms of the formal power series expansion of
the indices. We show the several first terms in the q-expansions of many examples of indices and the
orders which they agree up to in Appendix C.
1.2 Open problems
In this work we confirmed many examples to gain a bottom-up understanding of general identities of
indices which strongly support the dualities of interfaces/junctions in 4d N = 4 SYM theory inspired
from string theory. However, there are a variety of interesting questions which we leave for future
work. In particular:
• Three-dimensional N = 4 SCFTs can be engineered by RG flow from the compactification of
4d SYM on a segment in the presence of half-BPS boundary conditions and interfaces. This
is one way to derive many three-dimensional mirror symmetries. Compactifications on a strip
or half-strip, involving extra half-BPS boundary conditions and interfaces and appropriate 2d
junctions, can be used to engineer N = (0, 4) boundary conditions which should have interesting
properties under 3d mirror symmetry and applications to Symplectic Duality [17, 18]. It would
be interesting to test these dualities with superconformal indices.
• Two-dimensional N = (0, 4) SCFTs can be engineered by RG flow from the compactification of
4d SYM on a square in the presence of half-BPS boundary conditions and interfaces. S-duality
should lead to interesting dualities for such 2d SCFTs. It would be interesting to test these
dualities with superconformal indices.
• Our configurations can be enriched further by half-BPS line defects and surface defects, inter-
secting our 2d junctions at a point. These enriched configurations still admit a superconformal
index counting local operators available at that point and will have interesting S-duality prop-
erties. Some of the “Higgsing” manipulations of indices in the bulk of the paper produce some
of these decorated indices for free.
• The string theory constructions and gauge theory conjectures we employ in this paper have
well-studied generalizations involving orthogonal and symplectic gauge groups. It would be
nice to verify these generalizations at the level of the index.
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• In this paper we focus on junctions which preserve N = (0, 4) supersymmetry in 2d. Junctions
which preserve N = (2, 2) supersymmetry are also a possibility and admit brane constructions
which can lead to conjectural dualities. It would be nice to explore this further.
• It would be interesting to explore dualities for bulk-boundary-corner systems by computing
the quarter-indices in other setup with possibly different dimensions and supersymmetries. In
particular, 4d N = 2 bulk, 3d N = 2 boundary and 2d N = (0, 2) corner supersymmetric gauge
theories should generalize the dualities of half-BPS (0, 2) boundary conditions [19, 20] in 3d
N = 2 theories discussed in [21].
• It would be nice to shed light on the holographic dual interpretation of our gauge theoret-
ical bulk-boundary-corner systems by constructing their supergravity solutions, as for bulk-
boundary systems discussed in [22, 23], and by reproducing the quarter-indices in the large N
limit. In particular, our quarter-indices for the Y-junctions should give some generalizations of
the MacMahon function which is obtained from the large N limit of the vacuum characters of
the Y-algebras [12].
• The operators counted by the superconformal indices should belong to some twisted version of
the gauge theory. It should thus be possible to “categorify” our results to rigorous equalities of
certain algebras or modules of local operators.
• Our quarter-indices should have rich mathematical properties as they can be viewed as pro-
motions of various characters for VOAs including Kac-Moody superalgebras. In particular, the
characters for the affine Kac-Moody Lie superalgebra is known to exhibit intriguing number
theoretic properties involving mock modularity [24, 25, 26, 27, 28]. It would be interesting to
examine their transformation and asymptotic properties and to study their associated identities
and difference equations.
2 Indices
2.1 Definition
The main actors of this note are supersymmetric indices which count local operators residing on
certain co-dimension 2 defects in four-dimensional N = 4 Supersymmetric Yang-Mills theory, which
preserve a two-dimensional (0, 4) sub-algebra of the bulk supersymmetry algebra.
The most general configurations we are interested in involve two-dimensional junctions which
lie at the intersection of multiple half-BPS interfaces or boundary conditions. We will denote the
corresponding supersymmetric index as a “quarter-index” IV. This generalizes simpler indices such
as the “half-index” II of boundary or interface local operators and the “full-index” I of bulk local
operators. The latter can be also thought of as a specialization of the quarter-index to trivial junctions,
possibly on a trivial interface.
The precise definition is
IV(t, x; q) := TrOp(−1)F qJ+
H+C
4 tH−Cxf . (2.1)
Here the trace is taken over the cohomology of chosen supercharges. F is the fermion number, J
generates the Spin(2) ' U(1)J rotations in the two-dimensional plane on which the local operators
are supported. C and H are the Cartan generators of the SU(2)C and SU(2)H R-symmetry groups.
f stands for the Cartan generators of the flavor symmetry group.
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The choice of fugacity is selected so that the power of q is always strictly positive for a non-trivial
local operator, by a unitarity bound. The (quarter)index should be thought as a formal power series
in q, with coefficients which are Laurent polynomials in the other fugacities. 3
2.1.1 Relations to VOA
In some special situations, discussed in [12, 17], (0, 4) junctions can be deformed in such a way to be
compatible with topological twists of the bulk and boundaries. The junction local operators then form
a non-trivial and useful vertex operator algebra. At the level of the index, the deformation breaks
some symmetries and enforces a specialization of t to q±
1
4 , depending on the twist using SU(2)H or
SU(2)C .
After the specialization, the index will coincide with the character of the corresponding VOA. In
particular, we will make contact with the characters of corner VOA YL,M,N [Ψ] introduced in [12] and
boundary VOAs introduced in [17].
2.1.2 Localization computation
By the state-operator map, the supersymmetric indices can also be thought as equivariant Witten
indices for appropriate configuration of boundary conditions/interfaces and junctions on a three-
sphere: the junctions will run along a great circle of the sphere, while the interfaces/boundary
conditions will wrap two-dimensional hemispheres ending on that circle.
These configurations should allow one to compute the index by a localization procedure. We
will not pursue that direction in detail in this paper, though it will help us explain some interesting
phenomena later on.
In particular, the sphere picture helps motivate certain index manipulations associated to vevs of
scalar fields [29, 30]:
• There are useful RG flows which are initiated by turning on vevs of local operators which are
charged under some U(1) flavor symmetry. The vev can preserve some modified R-symmetry
which allows a comparison of supersymmetric indices before and after the RG flow. The exis-
tence of such vevs is associated to certain arrays of poles in the index, whose residues, properly
normalized by subtracting off decoupled free fields, give the index of the IR theory, possibly
decorated by certain defects. This manipulation is independent of the specific description of
the setup, as the poles are an intrinsic property of the theory.
• When the system has a gauge theory description, the index is usually written as a contour
integral over gauge fugacities. Poles in the integrand and their residues may sometimes have a
sharp physical interpretation, especially if some FI-like parameter can be turned on, enforcing
non-trivial vevs of elementary fields carrying gauge charge and thus Higgsing the gauge group.
Then the full index can be written as a sum of residues which can be interpreted as the index
of the Higgsed theory, possibly deformed by dynamical BPS solitons.
We will use these ideas to provide a variety of consistency checks of our proposals throughout the
text.
3As in [17], other notational choices y = tq−
1
4 may be useful to write neat formulae for indices, but they should
always be understood as power series in q for fixed t.
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2.1.3 Brane construction
Our main objective is to compare the supersymmetric indices of gauge theory configurations related
by S-duality. In order to identify such configurations, it is useful to employ brane constructions.
More specifically, we use brane constructions in Type IIB superstring theory [31]: stacks of D3-
branes engineer the four-dimensional gauge fields, while a variety of fivebranes engineer co-dimension
1 boundaries/interfaces, possibly intersecting at co-dimension 2 junctions.
All branes have in common the x0, x1 directions of the 2d junction. The D3-branes wrap the 0126
directions and engineer SYM with unitary gauge groups. The remaining six directions are split into
two groups, 345 and 789, which are rotated by the SO(3)C ×SO(3)H block-diagonal subgroup of the
bulk SO(6)R R-symmetry group. The corresponding triplets of 4d SYM scalar fields are denoted as
Y and X.
The junction supersymmetry is compatible with two families of fivebranes: (p, q)-fivebranes wrap-
ping 345 and a direction in the 26 plane with slope p/q 4 and (p, q)-fivebranes wrapping 789 and a
direction in the 26 plane with slope q/p.
In particular, we will employ often
• NS5-branes extended along 012345,
• D5-branes extended along 012789,
• NS5′-branes extended along 016789,
• D5′-branes extended along 0123456
Here is a summary of the brane configuration:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.2)
Depending on the precise geometry of the system, we can engineer a rich variety of gauge theory
configurations. In particular, we may have:
1. Half-BPS Boundaries and Interfaces in 4d N = 4 gauge theories
These are engineered by configurations of D3-branes wrapping a half-plane, ending on or passing
through a sequence of NS5- and D5-branes [4] (or equivalently a sequence of NS5′ and D5′).
The general gauge theory configuration can be reconstructed with some care from the more
elementary interfaces associated with a single fivebrane and a certain number of D3-branes on
the two sides.
NS5-branes implement Neumann-like boundary conditions for the gauge theories on the two
sides of the interface enriched by three-dimensional bi-fundamental matter. D5-branes either
add three-dimensional fundamental matter or reduce the gauge group at the interface by certain
generalizations of Dirichlet boundary conditions, called Nahm pole boundary conditions. [4].
4More precisely, the slope is coupling-dependent and equals the argument of pτ + q.
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We will test some of the expected dualities of boundary conditions and interfaces by computing
the appropriate half-indices. 5
2. 3d N = 4 gauge theories
Configurations of D3-, D5- and NS5-branes where all D3-branes are finite segments in the 6
direction engineer 3dN = 4 gauge theories [31] built from vector multiplets and hypermultiplets.
In a similar manner, finite D3-NS5′-D5′-brane systems leads to the twisted version of 3d N = 4
gauge theory, where the role of the SU(2)C and SU(2)H R-symmetry groups are swapped.
The relation between S-duality and mirror symmetries of such 3d gauge theories is well under-
stood. We will not explore it further in this paper.
3. Corners in 4d N = 4 gauge theories Configurations involving fivebranes extending both
along the 2 and the 6 direction, with D3-branes which extend to infinity in both directions,
give “corner” configurations in 4ds gauge theory, where two or more boundaries or interfaces
intersect at a common 2d junction preserving N = (0, 4) supersymmetry. If one employs
only five-branes extended, say, along the 345 directions one will obtain the junctions whose
deformation supports the VOA from [12].
We will test some of the expected dualities of such junctions by computing the appropriate
quarter-indices.
4. Boundaries in 3d N = 4 gauge theories
Configurations involving fivebranes extending both along the 2 and the 6 direction, with D3-
branes which extend to infinity in one direction only will give rise to N = (0, 4) supersymmetric
boundary conditions in 3d N = 4 gauge theory as in [15, 16]. These boundary conditions and
interfaces are likely to admit the sort of deformations which lead to boundary VOAs as in [17].
They are also likely to behave in a nice fashion under mirror symmetry. The half-indices of
N = (0, 4) boundary conditions for 3d N = 4 Abelian gauge theories have been computed and
dual boundary conditions have been proposed in [33]. We hope to come back to more general
boundary conditions and their half-indices.
5. 2d N = (0, 4) gauge theories
Finally, “brane box” configurations where all D3-branes are finite in the 2 and 6 directions
will engineer two-dimensional gauge theories with N = (0, 4) supersymmetry [16]. In [33]
the simplest N = (0, 4) mirror symmetry between Abelian gauge theory and Fermi multiplets
has been proposed. We leave an exploration of more general theories, their indices and the
implications of S-duality.
These brane systems often have branches of vacua or deformation parameters corresponding to
finite or semi-infinite D3-branes either moving away from the system along some fivebranes or merging
and separating from the fivebrane systems in some transverse direction. The existence of these
geometric deformations is a test of the gauge theory description of the brane systems and offers
interesting “Higgsing” manipulations of the supersymmetric indices.
5 See [32] for the half-indices of dual interfaces which may involve 3d gauge symmetry.
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2.2 4d N = 4 indices
2.2.1 Indices
The 4d N = 4 SYM theory has SU(4)R R-symmetry. We split the adjoint scalar fields transforming
as 6 under the SU(4)R into two scalar fields X and Y acted on by SU(2)C × SU(2)H ⊂ SU(4)R as
(1,3) and (3,1). In the brane setup, the scalar fields X and Y describe the motion of D3-branes along
the (x7, x8, x9) directions and (x3, x4, x5) directions respectively. Under the SU(2)C × SU(2)H the
4d gauginos λ transform as (2,2).
The local operators in 4d N = 4 SYM theory of gauge group G which contribute to index can
have charges
∂nzX ∂
n
z Y ∂
n
z λ ∂
n
z λ
G adj adj adj adj
U(1)J n n n+
1
2 n+
1
2
U(1)C 0 2 + +
U(1)H 2 0 + +
fugacity qn+
1
2 t2sα q
n+ 12 t−2sα −qn+1sα −qn+1sα
(2.3)
The index for 4d N = 4 U(1) gauge theory is
I4d U(1)(t; q) =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2piis
. (2.4)
The denominator comes from the scalar fields X and Y and the numerator is contributed from the
4d gauginos λ and λ.
The simplest non-Abelian example is an index for 4d N = 4 U(2) gauge theory:
I4d U(2)(t; q) =
1
2
(q)4∞
(q
1
2 t2; q)2∞(q
1
2 t−2; q)2∞
∮
ds1
2piis1
ds2
2piis2(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞
(
q s1s2 ; q
)
∞
(
q s2s1 ; q
)
∞(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t−2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞
(
q
1
2 t−2 s2s1 ; q
)
∞
. (2.5)
Here the integration contour for variables si is a unit torus T2.
The index for 4d N = 4 U(N) gauge theory takes the form
I4d U(N)(t; q) =
1
N !
(q)2N∞
(q
1
2 t2; q)N∞(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞
(2.6)
where the integration contour for gauge fugacities si is a unit torus TN .
2.2.2 Half-indices
The half-BPS boundary conditions in 4d N = 4 SYM theory preserve 3d N = 4 supersymmetry with
the R-symmetry group SU(4)R broken down to SU(2)C × SU(2)H . They arise for parallel D3-branes
ending on a single fivebrane. As shown in the brane configuration (2.2), we consider two types of
three-dimensional boundaries/interfaces at x2 = 0 realized by NS5′- and D5′-branes and those at
x6 = 0 realized by NS5- and D5-branes.
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Consider the half-BPS boundary conditions for 4d N = 4 Abelian gauge theory with θYM = 0 [4].
The NS5-brane and D5-brane ending on a single D3-brane give rise to Neumann b.c. N and Dirichlet
b.c. D at x6 = 0 for U(1) gauge theory respectively:
N : F6µ|∂ = 0, ∂µX|∂ = 0, ∂6Y |∂ = 0
D : Fµν |∂ = 0, ∂6X|∂ = 0, ∂µY |∂ = 0
µ, ν = 0, 1, 2 (2.7)
The NS5′-brane and D5′-brane ending on a single D3-brane leads to Neumann b.c. N ′ and Dirichlet
b.c. D′ at x2 = 0 for U(1) gauge theory respectively:
N ′ : F2µ|∂ = 0, ∂2X|∂ = 0, ∂µY |∂ = 0
D′ : Fµν |∂ = 0, ∂µX|∂ = 0, ∂2Y |∂ = 0
µ, ν = 0, 1, 6 (2.8)
The half-indices of Neumann b.c. N and Dirichlet b.c. D′ for 4d N = 4 U(1) vector multiplet
are given by
II4d U(1)N (t; q) = II
4d U(1)
D′ (t; q) =
(q)∞
(q
1
2 t−2; q)∞
. (2.9)
The denominator comes from the scalar fields Y charged under U(1)C while the numerator captures
a half of the 4d gauginos. Similarly, the half-indices of Neumann b.c. N ′ and Dirichlet b.c. D is
II4d U(1)D (t; q) = II
4d U(1)
N ′ (t; q) =
(q)∞
(q
1
2 t2; q)∞
. (2.10)
The denominator comes from the scalar fields X charged under U(1)H while the numerator describes
a half of the 4d gauginos.
The equality of the two half-indices in (2.9) agrees with the observation that Neumann condition
N ′ for 4d N = 4 U(1) gauge theory is S-dual to Dirichlet b.c. D for 4d N = 4 U(1) gauge theory.
The boundary conditions corresponding to N D3-branes ending on a single NS5-brane (or NS5’)
are also Neumann b.c. for the U(N) gauge theory. We can denote them as N and N ′ as in the
Abelian case.
On the other hand, N D3-branes ending on a single D5-brane do not give rise to Dirichlet boundary
conditions, but to a modification associated to a “regular Nahm pole” [34, 4]. Let us denote the scalar
fields by ~X and ~Y to make it explicit that they are triplet of SU(2)H and that of SU(2)C respectively.
When N D3-branes terminate on a single D5-brane or D5′-brane, we find the Nahm or Nahm′ pole
boundary conditions:
Nahm : Fµν |∂ = 0, D6 ~X + ~X × ~X|∂ = 0, Dµ~Y |∂ = 0 µ, ν = 0, 1, 2
Nahm′ : Fµν |∂ = 0, Dµ ~X|∂ = 0, D2~Y + ~Y × ~Y |∂ = 0 µ, ν = 0, 1, 6
(2.11)
The Nahm’s equations for the scalar fields ~X and ~Y admit singular solutions where X or Y have
singularities at x6 = 0 or at x2 = 0 respectively:
~X(x6) =
~t
x6
, ~Y (x2) =
~t
x2
(2.12)
where ~t = (t1, t2, t3) is a triplet of elements of the Lie algebra g = u(N) satisfying the commutation
relation of the Lie algebra su(2), that is [t1, t2] = t3 and cyclic permutation thereof. Choosing ~t
specifies a homomorphism of Lie algebras ρ : su(2) → g.
A single D5-brane gives the regular Nahm pole, where ρ maps the fundamental representation
of U(N) to the dimension N irreducible representation of su(2). Multiple D5-branes can be used to
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engineer other Nahm poles, including the trivial Nahm pole, aka Dirichlet boundary conditions. That
requires N D5-branes.
Because of the brane construction, S-duality is expected to exchange Neumann and (regular)
Nahm pole boundary conditions. This is supported by half-index calculations as follows.
As the simplest non-Abelian example, a half-index of Neumann b.c. N ′ for 4d N = 4 U(2) gauge
theory is
II4d U(2)N ′ (t; q) =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞
. (2.13)
The half-index of Dirichlet b.c. D for U(2) gauge theory is
II4d U(2)D (t, si; q) =
(q)2∞
(
q s1s2 ; q
)
∞
(
q s2s1 ; q
)
∞
(q
1
2 t2; q)2∞
(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞
. (2.14)
Here the si are fugacities for the U(2) boundary global symmetry which appears at Dirichlet boundary
conditions, consisting of gauge transformations which are constant at the boundary.
If we evaluate the contour integral in (2.13), we find a notably simple answer:
II4d U(2)N ′ (t; q) =
(q)∞(q
3
2 t2; q)∞
(q
1
2 t2; q)∞(qt4; q)∞
. (2.15)
We would like to identify that with the half-index for Nahm pole boundary conditions in 4d N = 4
U(2) gauge theory, i.e. we propose that
II4d U(2)Nahm (t; q) =
(q)∞(q
3
2 t2; q)∞
(q
1
2 t2; q)∞(qt4; q)∞
. (2.16)
In order to motivate that expression directly from the Nahm pole definition, one would need to
do a careful analysis of how to define local operators at a singular boundary condition. We will not
do so. Instead, we observe that the Nahm pole b.c. can also be understood as the result of an RG
flow which begins with Dirichlet boundary conditions deformed by a regular nilpotent vev for the
X+ = X3 + iX4 scalar field. The RG flow is expected to produce a regular Nahm pole together with
some decoupled three-dimensional degrees of freedom, taking the form of a free 3d hypermultiplet
with non-standard R-symmetry assignement. At the level of the half-index, stripping off the spurious
3d hyper is roughly equivalent to multiplying by the index of 3d vector multiplet, cancelling off the
contribution of a zeromode in the process. This is analogous to the Higgsing procedure in [29].
Concretely, the deformation of the Dirichlet boundary condition forces one to identify the bound-
ary global symmetry with the SU(2)H R-symmetry, identifying the fugacity s1/s2 with q
1
2 t2 and then
strip off the index of a 3d hyper (see (2.42) in the next section) with flavor fugacity x = tq
1
4 . This
reproduces the expected result.
As an extra bonus, we can obtain the superconformal index in the presence of “boundary ’t Hooft
operators” which can be understood as the result of turning on position-dependent vevs of X+. This
corresponds to identifying the fugacity s1/s2 with q
1
2+nt2, leading to something like
II4d U(2)Nahm;n(t; q) =
(q)2∞
(
q
3
2+nt2; q
)
∞
(
q
1
2−nt−2; q
)
∞
(q
1
2 t2; q)2∞ (qn+1t4; q)∞ (q−n; q)∞
=
(q
1
2 t−2; q)∞
(q
1
2 t2; q)∞
(qn+1; q)∞
(
q
3
2+nt2; q
)
∞
(qn+
1
2 t2; q)∞ (qn+1t4; q)∞
q
n
2 t−2n (2.17)
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though there is some latitude in which factors we do precisely choose to strip off.
On the other hand, making use of the q-binomial theorem (B.4), we can evaluate the integral
(2.13) as 6
II4d U(2)N ′ (t; q) =
1
2
(q−
1
2 t−2; q)2∞
(q
1
2 t2; q)2∞
∞∑
m=0
(q1+m; q)2∞
(q−
1
2+mt−2; q)2∞
qmt4m. (2.19)
The first term in the sum takes the form of a square of the half-index II4d U(1)N ′ of the Neumann
boundary condition N ′ for 4d N = 4 U(1) gauge theory. We interpret this sum as associated to a
Higgsing of the bulk theory from U(2) to U(1)× U(1).
These half-indices can be generalized to higher rank cases. The half-indices of Neumann b.c. N ′
for 4d N = 4 U(N) gauge theory is
II4d U(N)N ′ (t; q) =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
. (2.20)
The half-index of Dirichlet b.c. D for 4d N = 4 U(N) gauge theory is
II4d U(N)D (t; q) =
(q)N∞
(q
1
2 t2; q)N∞
∏
i 6=j
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
. (2.21)
We propose that the half-index for Nahm pole boundary conditions in 4d N = 4 U(N) gauge theory
takes the form
II4d U(N)Nahm (t; q) =
N∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞
. (2.22)
This results from the Higgsing procedure applied to the Dirichlet half-index, setting sisi+1 = q
1
2 t2 and
removing an appropriate collection of 3d free hypers. For some low rank cases we can explicitly check
that the Nahm pole half-index (2.22) coincides with the Neumann half-index (2.20). We expect this
equality to hold for all N . We can write similar expressions for the index in the presence of boundary
’t Hooft operators.
Similar expressions for the mirror boundary conditions, i.e. N , D′ and Nahm′ can be obtained
by setting t→ t−1.
2.2.3 Quarter-indices
The gauge theory definition of a junction of two boundary conditions B and B′ will in general require
extra data besides the choice of two boundary conditions. After all, extra two-dimensional degrees
of freedom may be added to the junction. It may also be possible to find non-trivial quarter-BPS
singular field configurations which define a junction as a disorder defect.
6 We note that the charged version is given by
II4d U(2)N ′n (t; q) =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
sn1 s
−n
2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1
s2
; q
)
∞
(
q
1
2 t2 s2
s1
; q
)
∞
=
1
2
(q−
1
2 t−2; q)2∞
(q
1
2 t2; q)2∞
∞∑
m=0
(q1+m; q)∞(q1+m+n; q)∞
(q−
1
2
+mt−2; q)∞(q−
1
2
+m+nt−2; q)∞
qm+
n
2 t4m+2n. (2.18)
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If some gauge symmetry is preserved at the junction, we must require the cancellation of gauge
anomalies there. If the boundary conditions are defined by singular field configurations, we must
insure that these field configurations can be extended to the junction in a supersymmetric fashion.
The brane constructions will engineer some specific junctions. We will determine them by a
combination of string theory lore and judicious guesswork. We will refer to the quarter-index for such
junctions as IVBB′ , indicating the boundary conditions and leaving the choice of junction implicit.
Junctions engineered from NS5 and D5′ (or NS5′ and D5) intersections appear to exist and have a
nice gauge theory description for all choices of numbers of D3-branes ending on the fivebrane system.
Junctions engineered from NS5 and NS5′ or from D5 and D5′ appear to be somewhat more
constrained. We find a balancing condition on the number of D3-branes ending on such fivebrane
systems, which can be motivated by linking number conservation in string theory, anomaly cancel-
lation or compatibility of Nahm pole boundary conditions in gauge theory. This does not mean
necessarily that no such junctions may exist in gauge theory, but only that string theory does not
provide a simple canonical choice with good duality properties.
The anomaly cancellation/ Nahm pole constraints do not exist in Abelian gauge theory, so we
can provide here the quarter-indices for all simple junctions of elementary boundary conditions in 4d
N = 4 U(1) gauge theory:
IV4d U(1)NN ′ (q) = (q)∞, (2.23)
IV4d U(1)DD′ (q) = (q)∞, (2.24)
IV4d U(1)ND′ (t; q) =
1
(q
1
2 t−2; q)∞
, (2.25)
IV4d U(1)N ′D (t; q) =
1
(q
1
2 t2; q)∞
. (2.26)
In the H-twist limit t → q 14 the NS5′-D5 quarter-index (2.26) becomes the vacuum character for a
single U(1) current:
IV4d U(1)N ′D (q) = IV
4d U(1)
N ′D (t = q
1
4 ; q)
=
1
(q)∞
= χu(1)(q). (2.27)
This is indeed the character of the VOA which emerges upon deformation of this system, denoted as
Y0,0,1 in [12]. Similarly the quarter-index (2.25) reduces to the vacuum character of U(1) current in
the C-twist limit t→ q− 14 .
For U(N) and Neumann/Dirichlet′ junctions we propose
IV4d U(N)ND′ (t, si; q) =
1
(q
1
2 t−2; q)N∞
∏
i 6=j
1(
q
1
2 t−2 sisj ; q
)
∞
, (2.28)
IV4d U(N)N ′D (t, si; q) =
1
(q
1
2 t2; q)N∞
∏
i 6=j
1(
q
1
2 t2 sisj ; q
)
∞
. (2.29)
For U(N) and Neumann/Nahm′ junctions we propose
IV4d U(N)NNahm′(t; q) =
N∏
k=1
1
(q
k
2 t−2k; q)∞
, (2.30)
IV4d U(N)N ′Nahm(t; q) =
N∏
k=1
1
(q
k
2 t2k; q)∞
. (2.31)
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Again, we can reproduce the proposed indices for Neumann′/Nahm junctions by a Higgsing pro-
cedure applied to the Neumann′/Dirichlet junctions. For example for U(2) we have
IV4d U(2)N ′D (t, si; q) =
1
(q
1
2 t2; q)2∞
1(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞
(2.32)
and the pole at s1/s2 = q
1
2 t2 is associated to the RG flow to a Neumann′/Nahm junction. We
get the desired result by stripping off a half-index with Neumann boundary conditions for the extra
decoupled hypermultiplet localized at the Nahm boundary.
Taking the H-twist limit of the quarter-index (2.31), we obtain the vacuum character of the
W-algebra WN , denoted as Y0,0,N in [12]
IV4d U(N)N ′Nahm(t = q
1
4 ; q) =
N∏
k=1
1
(qk; q)∞
= χWN (q) (2.33)
while the Neumann/Dirichlet′ junction gives the character of a Kac-Moody algebra [13]
IV4d U(N)N ′D (t = q
1
4 , si; q) =
1
(q; q)N∞
∏
i6=j
1(
q sisj ; q
)
∞
= χû(N)(q). (2.34)
2.3 3d N = 4 indices
In order to compute the half- and quarter- indices for four-dimensional gauge theories with more
interesting interfaces and junctions we need to understand the indices and half-indices of the three-
dimensional matter fields involved in their definition: hypermultiplets and twisted hypermultiplets.
The 3d N = 4 hypermultiplet involves a pair of complex scalars H, H˜ forming a doublet of SU(2)H
and a pair of complex fermions ψH+, ψ
H˜
+ forming a doublet of SU(2)C . The 3d N = 4 hypermultiplet
has charges
H H˜ ψH+ ψH˜+ ψ
H
− ψ
H˜
−
U(1)C 0 0 − − + +
U(1)H + + 0 0 0 0
(2.35)
The 3d N = 4 Abelian vector multiplet consists of a 3d U(1) gauge field A3dµ , real and complex
scalars σ, ϕ forming the SU(2)C triplet, and two complex fermions (λ
3d
α , η
3d
α ). They have charges as
follows:
A3dµ σ ϕ λ
3d
± λ
3d
± η
3d
± η
3d
±
U(1)C 0 0 2 + − + −
U(1)H 0 0 0 + − − +
(2.36)
Exchanging the U(1)H and U(1)C charges of the hypermultiplet and vector multiplet, we obtain the
twisted hypermultiplet and twisted vector multiplet respectively.
2.3.1 Indices
The index of a 3d N = 2 chiral multiplet is
I3d CM(x; q) =
(qx−1; q)∞
(x; q)∞
. (2.37)
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This counts words made out of derivatives of complex scalar and those of fermions included in the
3d N = 2 chiral multiplet.
The operators from 3d N = 4 hypermultiplet which contribute to index are
∂nzH ∂nz H˜ ∂nz ψ
H
− ∂
n
z ψ
H˜
−
U(1)f + − + −
U(1)J n n n+
1
2 n+
1
2
U(1)C 0 0 + +
U(1)H + + 0 0
fugacity qn+
1
4 tx qn+
1
4 tx−1 −qn+ 34 t−1x −qn+ 34 t−1x−1
(2.38)
The index for 3d N = 4 hypermultiplet is
I3d HM(t, x; q) =
(q
3
4 t−1x; q)∞(q
3
4 t−1x−1; q)∞
(q
1
4 tx; q)∞(q
1
4 tx−1; q)∞
. (2.39)
It has an expansion
I3d HM(t, x; q) =
∞∑
n=0
n∑
k=0
(q
1
2 t−2; q)k(q
1
2 t−2; q)n−k
(q)k(q)n−k
q
n
4 tnxn−2k. (2.40)
In the H-twist limit t→ q 14 , the index (2.39) becomes 1. This reflects the fact that free hypermultiplet
has no Coulomb branch local operators surviving in the H-twist.
Similarly, the operators of twisted hypermultiplet which contribute to index are
∂nz T ∂nz T˜ ∂nz ψ˜
T
− ∂
n
z ψ˜
T˜
−
U(1)f + − + −
U(1)J n n n+
1
2 n+
1
2
U(1)C + + 0 0
U(1)H 0 0 + +
fugacity qn+
1
4 t−1x qn+
1
4 t−1x−1 −qn+ 34 tx −qn+ 34 tx−1
(2.41)
The index for 3d N = 4 twisted hypermultiplet is
I3d tHM(t, x; q) =
(q
3
4 tx; q)∞(q
3
4 tx−1; q)∞
(q
1
4 t−1x; q)∞(q
1
4 t−1x−1; q)∞
. (2.42)
This can be obtained from the hypermultiplet index (2.39) by setting t→ t−1. It has an expansion
I3d tHM(t, x; q) =
∞∑
n=0
n∑
k=0
(q
1
2 t2; q)k(q
1
2 t2; q)n−k
(q)k(q)n−k
q
n
4 t−nxn−2k. (2.43)
For completeness, we also describe some properties of 3d gauge multiplets.
The charges of operators in 3d N = 4 vector multiplet which contribute to the index are
Dnz (σ + iρ) D
n
zϕ D
n
z λ
3d
− D
n
z η
3d
−
G adj adj adj adj
U(1)J n n n+
1
2 n+
1
2
U(1)C 0 2 − −
U(1)H 0 0 − +
fugacity qnsα q
n+ 12 t−2sα −qnsα −qn+ 12 t2sα
(2.44)
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The index for 3d N = 4 U(1) vector multiplet is
I3d U(1)(t; q) =
(q
1
2 t2; q)∞
(q
1
2 t−2; q)∞
∮
ds
2piis
. (2.45)
The index for 3d N = 4 U(N) vector multiplet is
I3d U(N)(t; q) =
1
N !
(q
1
2 t2; q)N∞
(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i 6=j
(
1− si
sj
) (q 12 t2 sisj ; q)∞(
q
1
2 t−2 sisj ; q
)
∞
. (2.46)
As a consistency check, notice that the trivial interface in 4d gauge theory can be obtained
starting from two Dirichlet boundary conditions and gauging the diagonal boundary global symmetry.
Correspondingly, the full index (2.6) of 4dN = 4 U(N) gauge theory can be recovered from two copies
of the Dirichlet half-index (2.21) by gauging with the measure for a 3d U(N) gauge theory:
I4d U(N) =
1
N !
(q
1
2 t2; q)N∞
(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
1− si
sj
) (q 12 t2 sisj ; q)∞(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I3d U(N)
× (q)
N
∞
(q
1
2 t2; q)N∞
∏
i 6=j
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)D
· (q)
N
∞
(q
1
2 t2; q)N∞
∏
i6=j
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)D
. (2.47)
Similarly, Neumann boundary conditions can be obtained by gauging the global symmetry of
Dirichlet boundary conditions. Correspondingly, the half-index of Neumann b.c. N for 4d N = 4
U(N) gauge theory can be recovered from the Dirichlet half-index (2.21) by gauging with the measure
for a 3d U(N) gauge theory:
II4d U(N)N =
1
N !
(q
1
2 t2; q)N∞
(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
1− si
sj
) (q 12 t2 sisj ; q)∞(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I3d U(N)
× (q)
N
∞
(q
1
2 t2; q)N∞
∏
i 6=j
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)D
. (2.48)
Notice that a similar prescription can be used to give us the half-index of general enriched Neu-
mann boundary conditions, by 3d gauging the product of the half-index for Dirichlet boundary
conditions and the 3d index for whatever extra 3d degrees of freedom we want to include at the
boundary. Observe that the index for 3d gauge theories would generically include contributions from
monopole operators. Here these contributions drop out because the half-index for Dirichlet boundary
conditions vanishes in the presence of a monopole background [10].
17
The charges of operators in 3d N = 4 twisted vector multiplet are given by
Dnz (σ˜ + iρ˜) D
n
z ϕ˜ D
n
z λ˜
3d
− D
n
z η˜
3d
−
G adj adj adj adj
U(1)J n n n+
1
2 n+
1
2
U(1)C 0 0 + +
U(1)H 0 2 + −
fugacity qnsα q
n+ 12 t2sα −qnsα −qn+ 12 t−2sα
(2.49)
The index of 3d N = 4 twisted vector multiplet is obtained by setting t → t−1 for the index of 3d
N = 4 vector multiplet.
2.3.2 (0, 4) half-indices of 3d matter multiplet
Consider now N = (0, 4) supersymmetric boundary conditions for 3d N = 4 hypermultiplet. The
simplest, free examples of boundary conditions are Neumann b.c. N ′ and Dirichlet b.c. D′ respec-
tively:
N ′ : ∂2H|∂ = 0, ∂2H˜|∂ = 0,
D′ : ∂µH|∂ = 0, ∂µH˜|∂ = 0,
µ = 0, 1 (2.50)
We will conjecturally encounter these boundary conditions at simple brane junctions.
The half-index of Neumann b.c. for 3d N = 4 hypermultiplet is
II3d HMN (t, x; q) =
1
(q
1
4 tx; q)∞(q
1
4 tx−1; q)∞
. (2.51)
The Neumann b.c. for 3d N = 4 hypermultiplet can be deformed to be compatible with the H-twist
(mirror Rozanski-Witten) and the deformed boundary condition supports the VOA Sb of symplectic
bosons X(z) and Y (z) with OPE [12, 17]
X(z)Y (w) ∼ 1
z − w (2.52)
and conformal dimension 1/2. In the H-twist limit t → q 14 of the half-index (2.51) we obtain the
vacuum character for the symplectic boson VOA Sb:
II3d HMN(H) (x; q) = II
HM
N (t = q
1
4 , x; q)
=
1
(q
1
2x; q)∞(q
1
2x−1; q)∞
= χSb(x; q). (2.53)
The half-index of Dirichlet b.c. for 3d N = 4 hypermultiplet is
II3d HMD (t, x; q) = (q
3
4 t−1x; q)∞(q
3
4 t−1x−1; q)∞. (2.54)
It can be expanded as
II3d HMD (t, x; q) =
1
(q)2∞
∞∑
n=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞(−1)nx−n+2kt−nq
n2−n
2 +k(k−n)+ 3n4 . (2.55)
The Dirichlet b.c. for 3d N = 4 hypermultiplet can be deformed to be compatible with the C-twist
(Rozanski-Witten) and the deformed boundary condition supports the VOA Fc of fermionic currents
x(z) and y(z) with OPE
x(z)y(w) ∼ 1
(z − w)2 (2.56)
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and conformal dimension 1. This can be equivalently defined as psu(1|1) Kac-Moody VOA. In the
C-twist limit t → q− 14 of the half-index (2.54) we obtain the vacuum character for the fermionic
current VOA Fc:
II3d HMD(C) (x; q) = II
HM
D (t = q
− 14 , x; q)
= (qx; q)∞(qx−1; q)∞ = χFc(x; q). (2.57)
The half-index of Neumann b.c. for 3d N = 4 twisted hypermultiplet is
II3d tHMN (t, x; q) =
1
(q
1
4 t−1x; q)∞(q
1
4 t−1x−1; q)∞
(2.58)
and the half-index for Dirichlet b.c. for 3d N = 4 twisted hypermultiplet is
II3d tHMD (t, x; q) = (q
3
4 tx; q)∞(q
3
4 tx−1; q)∞. (2.59)
By setting t → t−1, the half-indices of 3d twisted hypermultiplets convert into those of 3d hyper-
multplets and vice versa. Therefore the C-twist limit t→ q− 14 of Dirichlet b.c. for 3d twisted hyper
leads to the vacuum character (2.54) of symplectic boson VOA Sb while the H-twist limit t → q 14
of Neumann b.c. for 3d twisted hyper reproduces the vacuum character (2.57) of fermionic current
VOA Fc.
2.3.3 (0, 4) Neumann b.c. for 3d vector multiplet
For completeness, we also describe some properties of 3d gauge multiplets.
The 3d N = 4 U(1) vector multiplet admits two types of N = (0, 4) supersymmetric boundary
conditions, i.e. Neumann boundary condition N ′ and Dirichlet boundary condition D′
N ′ : F2µ|∂ = 0, Dµσ|∂ = 0, Dµϕ|∂ = 0,
D′ : Fµν |∂ = 0, D2σ|∂ = 0, D2ϕ|∂ = 0,
µ, ν = 0, 1 (2.60)
Let us discuss the half-index of N = (0, 4) Neumann boundary condition N ′ for the 3d N = 4
vector multiplet. 7
The half-index for 3d N = 4 U(1) vector multiplet obeying N = (0, 4) Neumann boundary
condition N is
II3d U(1)N ′ (t; q) = (q)∞(q
1
2 t2; q)∞
∮
ds
2piis
. (2.61)
The half-index of Neumann boundary condition N ′ for 3d N = 4 U(N) vector multiplet takes
the form
II3d U(N)N ′ (t; q) =
1
N !
[
(q)∞(q
1
2 t2; q)∞
]N ∮ N∏
i=1
dsi
2pisi
∏
i 6=j
(
si
sj
; q
)
∞
(
q
1
2 t2
si
sj
; q
)
∞
. (2.62)
In this paper we focus on the case where the integration contour can be taken as a unit torus TN .
However, it is important to note that when we have enriched Neumann boundary conditions including
2d bosonic matter fields, one has to carefully choose the integration contour of Neumann half-index
of 3d vector multiplet in (2.61) and (2.62). In this note we only encounter situations where auxiliary
2d matter consists of Fermi multiplets only and thus does not contribute any interesting poles to the
integrand.
7 The half-index of N = (0, 2) Neumann b.c. for 3d N = 2 gauge multiplets is studied in [19, 35, 36, 21].
19
The main challenge in computing the half-index of 3d Dirichlet boundary conditions is that it
includes contributions from boundary monopole operators, which are not present, instead, in the half-
index of Neumann boundary conditions. 8 We will not need to consider such monopole contributions
in the 4d gauge theory examples considered in this paper, though.
In a sector of zero monopole charge, the half-index of N = (0, 4) Dirichlet b.c. for 3d N = 4 U(1)
vector multiplet takes the form
II3d U(1)D′ (t; q) =
1
(q)∞(q
1
2 t−2; q)∞
. (2.63)
2.4 2d N = (0, 4) indices
The index of 2d theory is identified with the flavored elliptic genus [19, 37, 38, 39, 40, 41, 42, 43].
In the rest of the paper we will only need the index of Fermi multiplets. The index of N = (0, 2)
Fermi multiplet of charge +1 under U(1)x flavor symmetry and U(1)R R-charge 1 is given by
F (x) = (x; q)∞(qx−1; q)∞. (2.64)
This counts the local operators as a pair of left-moving fermions γ−, γ− and their derivatives. The
index of N = (0, 2) Fermi multiplet of charge +1 under U(1)x flavor symmetry and U(1)R R-charge
0 has an expansion
F (q
1
2x; q) =
∞∑
m=0
∞∑
n=0
(−1)m+nqm
2+n2
2
(q; q)m(q; q)n
xm−n. (2.65)
2.5 (Boundary) Anomalies
N = (0, 4) supersymmetric boundary conditions for 3d N = 4 can involve anomalies. We review the
results in [21], where the boundary anomalies for N = (0, 2) supersymmetric b.c. were examined. 9
Let f be the field strength for the U(1) symmetry which rotates fermions with charge 1. The
anomaly polynomial I is given by [21]
anomaly contribution anomaly polynomial I
2d left-handed chiral fermion f2
2d right-handed chiral fermion −f2
3d U(1) Chern-Simons coupling of level k kf2
3d fermion with b.c. ψ+|∂ = 0 12 f2
3d fermion with b.c. ψ−|∂ = 0 − 12 f2
(2.66)
In particular, the boundary anomaly of 3d fermions equals half of the anomaly of a 2d fermion with
the same charges as the component of the 3d fermion which survives at the boundary.
Let f be the field strength of a simple compact group G under which fermions transform as
8But may be present for enriched Neumann b.c. if bosonic boundary matter is present.
9 We also refer the reader to the results in [16] where the gauge anomalies of N = (0, 4) supersymmetric b.c. are
specified by linking numbers in brane construction.
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irreducible unitary representation R. The contribution to the anomaly polynomial is
anomaly contribution anomaly polynomial I
2d left-handed chiral fermion TR Tr(f
2)
2d right-handed chiral fermion −TR Tr(f2)
3d U(1) Chern-Simons coupling of level k kTr(f2)
3d fermion with b.c. ψ+|∂ = 0 12TR Tr(f2)
3d fermion with b.c. ψ−|∂ = 0 − 12TR Tr(f2)
(2.67)
Here TR is the quadratic index for representation R of the symmetry group G which is defined by a
sum over length-square of weights λ:
TR :=
1
rank(G)
∑
λ∈R
‖λ‖2 (2.68)
where the length-square ‖α‖ of long roots α is 2. For example, for G = SU(N) the quadratic index
is T = 1 and Tadjoint = 2N . When G is not simple, the anomaly should be fixed by additionally
taking into account the consistency of Abelian anomaly for the maximal torus of G.
For example, let us consider the 3d N = 2 chiral multiplets of U(1)R R-charge ρ in U(Nc) gauge
theory with SU(Nf ) global symmetry. Let s, r and x be the U(Nc), U(1)R and SU(Nf ) curvatures
respectively. The boundary anomaly polynomials for these chiral multiplets are given as follows [21]:
U(Nc) U(1)R SU(Nf ) anomaly polynomial I
adj ρ 1 ±
[
Nc Tr(s
2)− (Tr s)2 + N2c2 ((ρ− 1)r)2
]
 ρ 1 ±
[
1
2 Tr(s
2) + (Tr s) · (ρ− 1)r+ Nc2 ((ρ− 1)r)2
]
 ρ 1 ±
[
1
2 Tr(s
2)− (Tr s) · (ρ− 1)r+ Nc2 ((ρ− 1)r)2
]
 ρ Nf ±
[
1
2Nc Tr(x
2) + 12Nf Tr(s
2) +Nf (Tr s) · (ρ− 1)r+ NcNf2 ((ρ− 1)r)2
]
 ρ Nf ±
[
1
2Nc Tr(x
2) + 12Nf Tr(s
2)−Nf (Tr s) · (ρ− 1)r+ NcNf2 ((ρ− 1)r)2
]
(2.69)
where the + and − sings correspond to the Dirichlet b.c. and Neumann b.c. respectively.
Now we would like to consider the boundary anomalies for 3d N = 4 gauge theories obeying
N = (0, 4) supersymmetric boundary conditions. Unlike N = (0, 2) boundary conditions, as the
R-symmetry SU(2)C × SU(2)H is non-Abelian, it will not mix with any flavor symmetries. The
boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+ 2(Tr s) · z︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + z] (2.70)
where z is the topological U(1)t field strength. The boundary anomaly polynomial for 3d N = 4∏n
i U(Ni) linear quiver gauge theory with bi-fundamental hypermultiplets obeying (N , N) boundary
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
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D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
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(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge th ories:
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(1.29) 4du4u1_hindex2
The half-indices (
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1.28) and (
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1.29) are expressed as
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The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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The half-indices (
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1.28) and (
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1.29) will be expressed as
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
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This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
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The half-indices (
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1.28) and (
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The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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The half-indices (
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
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This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
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The half-indices (
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The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
7
The half-index for NS5′-type int rfac between U(4) gauge theory and U(1) gauge theory is
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This coin ides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
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This will coin ide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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The half-indices (
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Figure 1: 3d interface of NS5′-type an of D5-type with equal umbers of D3-branes where the
horizontal and vertical directions are x6 and x2. The NS5′-type interface includes 3d N = 4 bi-
fundamental twisted hypermultiplet while the D5-type interface has 3d N = 4 fundamental hyper-
multiplets that come from D3-D5 strings.
conditions is
I(N )−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · zi
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2z1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i )
+ (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2zi]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2zn] .
(2.71)
Similar anomalies exist for junctions of enriched Neumann boundary conditions and interfaces.
They will play an important role in the study of NS5-NS5′ junctions.
3 Half-indices of interfaces in N = 4 SYM and S-dualities
We will now describe the gauge interfaces associated to a single D5 or NS5′ with semi-infinite D3-
branes on both sides of the fivebrane. These will be interfaces between 4d U(N) and U(M) gauge
theories. We will compute the half-indices and check the identities required by S-duality [4, 5, 6]. 10
3.1 U(N)|U(N) interfaces
We start with the case of equal numbers of D3-branes ending on the two sides of fivebranes (see
Figure 1).
3.1.1 U(1)|U(1)
The simplest example is the 3d interface for 4d N = 4 Abelian gauge theories. The NS5′-type half-
BPS interface would be described by 4dN = 4 U(1) gauge theory coupled to 3dN = 4 bi-fundamental
10 See [32] for more general half-indices of dual interfaces in 4d N = 4 SYM theory.
22
twisted hypermultiplet at x2 = 0.
The half-index of NS5′-type interface between two 4d N = 4 U(1) gauge theories is
II4d U(1)|U(1)N ′ =
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The S-dual of the NS5′ interface is the D5-type interface. The D5-brane interface breaks the U(1) ×
U(1) gauge symmetry down to a diagonal U(1) and couples it to a fundamental hypermultiplet. In
other words, we have a 4d N = 4 U(1) gauge theory defined on the full spacetime and coupled to a
3d N = 4 charged hypermultiplet living at x2 = 0.
The corresponding index is
II4d U(1)|U(1)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
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∮
ds
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. (3.2)
We will momentarily demonstrate that it coincides with the NS5′ index.
Notice that the interface has two interesting deformations. One corresponds to the D3-brane
separating from the fivebrane. The other to the D3-brane breaking in two halves which separate
from each other in a direction parallel to the fivebrane. In the D5-brane description, the fundamental
hyper gets a vev when the D3-brane is split in two. In the NS5′ description the bi-fundamental field
gets a vev when the D3-brane separates from the fivebrane.
These vevs can be enforced by turning on boundary FI parameters for the bulk gauge fields, which
shift the relative values of the centra of mass degrees of freedom on the two sides of the interface. We
thus expect to be able to give a physical interpretation to the expansion of the half-index into a sum
of residues of poles in either of the two descriptions above.
Firstly, we can evaluate the integral in (3.1) as the sum of residues at poles s1s2 = q
1
4+mt−1 for the
bi-fundamental twisted hypermultiplet:
II4d U(1)|U(1)N ′ =
(q
1
2 t−2; q)∞
(q
1
2 t2; q)∞
∞∑
m=0
(q1+m; q)2∞
(q
1
2+mt−2; q)2∞
q
m
2 t2m. (3.3)
This would correspond to the IR description via the Higgsing procedure of giving a vev to the bi-
funamental twisted hypermultiplet at the defect, which removes the fivebrane from a single D3-brane.
Consequently, the U(1)×U(1) gauge symmetry is broken to U(1) and a whole 4d N = 4 U(1) gauge
theory remains. In fact, the sum (3.3) begins with the full-index I4d U(1) of 4d N = 4 U(1) gauge
theory.
On the other hand, we observe that the half-index in the (3.2) formulation can be expressed as
the sum of residues at s = q
1
4+nt:
II4d U(1)|U(1)D =
∞∑
n=0
(q1+n; q)2∞
(q
1
2+nt2; q)2∞
q
n
2 t−2n. (3.4)
The first term in the sum is clearly the square of II4d U(1)D , compatible with the IR description as a
product of two Dirichlet boundary conditions for the gauge fields on the two sides of the interface.
The other terms should have a tentative interpretation as contributions from configuration of n BPS
vortices. In the IR, the boundary vortices take the appearance of boundary ’t Hooft lines deforming
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the Dirichlet boundary conditions. In an Abelian theory the boundary ’t Hooft lines do not change
the half-index, so the n dependence must come from some Witten index of the vortex moduli space.
It would be interesting to explore this point further.
By applying the q-binomial theorem (B.4) to the D5 half-index (3.2), we can alternatively evaluate
the integral (3.2) as
II4d U(1)|U(1)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2piis
∞∑
m,n=0
(q
1
2 t−2; q)m
(q)m
(q
1
2 t−2; q)n
(q)n
q
m+n
4 tm+nsm−n
=
(q
1
2 t−2; q)∞
(q
1
2 t2; q)∞
∞∑
m=0
(q1+m; q)2∞
(q
1
2+mt−2; q)2∞
q
m
2 t2m. (3.5)
This agrees with the residue sum (3.3) for the bi-fundamental twisted hypermultiplet in the NS5′-type
interface.
3.1.2 U(2)|U(2)
Now consider the simplest non-Abelian example, that is the 3d interface between U(2) and U(2).
The NS5′-type interface is expected to be described by 4d N = 4 U(2) gauge theory coupled to 3d
N = 4 bi-fundamental twisted hypermultiplet living at x2 = 0.
The half-index for the NS5′-type interface between two U(2) gauge theories is
II4d U(2)|U(2)N ′ =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
× 1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds3
2piis3
ds4
2piis4
(
s3
s4
; q
)
∞
(
s4
s3
; q
)
∞(
q
1
2 t2 s3s4 ; q
)
∞
(
q
1
2 t2 s4s3 ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
×
2∏
i=1
4∏
k=3
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
. (3.6)
The S-dual configuration is the D5-type interface between two 4d N = 4 U(2) gauge theories. The
interface has 3d N = 4 hypermultiplets transforming as the fundamental representation under the
U(2) gauge symmetry, which comes from D3-D5 strings. The half-index of D5-type interface is given
by
II4d U(2)|U(2)D =
1
2
(q)4∞
(q
1
2 t2; q)2∞(q
1
2 t−2; q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(2)
×
2∏
i=1
(
q
3
4 t−1si; q
)
∞
(
q
3
4 t−1s−1i ; q
)
∞(
q
1
4 tsi; q
)
∞
(
q
1
4 ts−1i ; q
)
∞︸ ︷︷ ︸
I3d HM(si)
. (3.7)
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Experimentally, we find that the half-indices (3.6) and (3.7) coincide.
Furthermore, the latter contour integral can be expressed as a sum over residues
II4d U(2)|U(2)N ′ = II
4d U(2)|U(2)
D
=
∞∑
n=0
∞∑
m=0
(q1+n; q)2∞(q
3
2+n+mt2; q)2∞
(q
1
2+nt2; q)2∞(q1+n+mt4; q)2∞
q
2n+m
2 t−2(2n+m) (3.8)
associated to the branch of vacua where both D3-branes break and the left pair is translated with
respect to the right pair along the fivebrane. Notice that the low energy description of that system
involves Nahm pole boundary conditions for both U(2) gauge theories, which is the first term in the
sum. The other terms should arise from contributions of BPS vortices, which take the appearance of
boundary ’t Hooft lines in the IR theory. It would be nice to push the comparison further.
It would be also nice to express the (3.6) index in a manner which corresponds to giving a vev
to the bi-fundamental hypers. Finally, if would be nice to reproduce the same expansion by some
judicious manipulation of the other contour integral. This would be a reasonable strategy to prove
the equality of (3.6) and (3.7).
3.1.3 U(3)|U(3)
Furthermore we can analyze three D3-branes on the two sides of a single fivebrane. The half-index
for the NS5′-type junction between two U(3) gauge theories is given by
II4d U(3)|U(3)N ′ =
1
3!
(q)3∞
(q
1
2 t2; q)3∞
∮ 3∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(3)N′
× 1
3!
(q)3∞
(q
1
2 t2; q)3∞
∮ 6∏
i=4
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(3)N′
×
3∏
i=1
6∏
k=4
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
. (3.9)
The mirror configuration is a D5-type domain wall interpolating between two 4d N = 4 U(3) gauge
theories. The gauge group is reduced from U(3) × U(3) to U(3). The domain wall includes hyper
multiplets transforming as the fundamental representation under the U(3) gauge group. The half-
index of the D5-type interface is
II4d U(3)|U(3)D =
1
3!
(q)6∞
(q
1
2 t2; q)3∞(q
1
2 t−2; q)3∞
∮ 3∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(3)
×
3∏
i=1
(
q
3
4 t−1si; q
)
∞
(
q
3
4 t−1s−1i ; q
)
∞(
q
1
4 tsi; q
)
∞
(
q
1
4 ts−1i ; q
)
∞︸ ︷︷ ︸
I3d HM(si)
. (3.10)
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Experimentally, this coincides with the half-index (3.9).
The half-indices (3.9) and (3.10) can be expressed (again experimentally) as
II4d U(3)|U(3)N ′ = II
4d U(3)|U(3)
D
=
∞∑
n=0
∞∑
m=0
∞∑
l=0
(q1+n; q)2∞(q
3
2+n+mt2; q)2∞(q
2+n+m+lt4; q)2∞
(q
1
2+nt2; q)2∞(q1+n+mt4; q)2∞(q
3
2+n+m+lt6; q)2∞
q
3n+2m+l
2 t−2(3n+2m+l).
(3.11)
We associate these expressions to the branch of vacua where all D3-branes break and the left set is
translated with respect to the right set along the fivebrane. Notice that the low energy description
of that system involves Nahm pole boundary conditions, whose half-index is quite visible as the first
term in the sum.
Again, it would be also nice to find an expansion corresponding to the bi-fundamental hypers
getting a vev, and to prove the various identities proposed in this section.
3.1.4 U(N)|U(N)
The half-index for the NS5′-type junction between U(N) and U(N) gauge theories is
II4d U(N)|U(N)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
× 1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ 2N∏
i=N+1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
×
N∏
i=1
2N∏
k=N+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
. (3.12)
Under S-duality the NS5′-type interface maps to the D5-type interface. The D5-brane breaks the
U(N) × U(N) gauge symmetry down into a diagonal U(N) so that the four-dimensional U(N) gauge
fields couple to 3d N = 4 fundamental hypermultiplets. The half-index (3.12) will coincide with the
half-index of the D5-type interface which takes the form:
II4d U(N)|U(N)D =
1
N !
(q)2N∞
(q
1
2 t2; q)N∞(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(N)
×
N∏
i=1
(
q
3
4 t−1si; q
)
∞
(
q
3
4 t−1s−1i ; q
)
∞(
q
1
4 tsi; q
)
∞
(
q
1
4 ts−1i ; q
)
∞︸ ︷︷ ︸
I3d HM(si)
. (3.13)
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge th ories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2 −1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q ∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4 −1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gaug theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 si
j
; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2π sN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_ index
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s 1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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This coincides with the half-index for D5-type interface between U(2) and U(3) gauge theories:
II4d U(3)|U(2)D =
1
2
(q)4∞
(q
1
2 t2; q)2∞(q
1
2 t−2; q)2∞
∮ 2∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞
(
q sisj ; q(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(2)
× (q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
· (qs1; q)∞(qs
−1
1 ; q)∞
(q
1
2 t2s1; q)∞(q
1
2 t2s−11 ; q)∞
(qs2; q)∞(qs−12 ; q)∞
(q
1
2 t2s2; q)∞(q
1
2 t2s−12 ; q)∞
(1.36) 4du2u3_hindex2
The half-indices (
4du2u3_hindex
1.35) and (
4du2u3_hindex2
1.36) can b expressed as
II4d U(2)|U(3)N ′ = II
4d U(3)|U(2)
D
=
(q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
∞∑
n=0
∞∑
m=0
q
2n+m
2 t−2(2n+m)
(q1+n; q)∞(q
3
2+nt2; q)∞
(q
1
2+nt2; q)∞(q1+nt4; q)∞
· (q
3
2+n+mt2; q)∞(q2+n+mt2; q)∞
(q1+n+mt4; q)∞(q
3
2+n+mt6; q)∞
(1.37) 4du2u3_hindex3
The half-index for NS5′-type interface between U(N) and U(M) gauge theories with N < M is
II4d U(N)|U(M)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ N+M∏
i=N+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
i=1
M∏
k=N+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
(1.38) 4duNuM_hindex
This will coincide with the half-index for D5-type interface between U(N) and U(M) gauge theories:
II4d U(M)|U(N)D =
1
N !
(q)2N∞
(q
1
2 t2; q)N∞(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(N)
×
M−N∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(M − N)Nahm
·
N∏
i=1
(
q
M−N+1
2
+1
2 t2(
M−N+1
2 −1)si; q
)
∞
(
q
M−N+1
2
+1
2 t2(
M−N+1
2 −1)s−1i ; q
)
∞(
q
M−N+1
2
2 t2
M−N+1
2 si; q
)
∞
q
M−N+1
2
2 t2
M−N+1
2 s−1i ; q
)
∞
(1.39) 4duNuM_hindex2
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This coincides with the half-index for D5-type interface between U(2) and U(3) gauge theories:
II4d U(3)|U(2)D =
1
2
(q)4∞
(q
1
2 t2; q)2 (q
1
2 t−2; q)2∞
∮ 2∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(2)
× (q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
· (qs1; q)∞(qs
−1
1 ; q)∞
(q
1
2 t2s1; q) (q
1
2 t2s−11 ; q)∞
(qs2; q)∞(qs−12 ; q)∞
(q
1
2 t2s2; q)∞(q
1
2 t2s−12 ; q)∞
(1.36) 4du2u3_hindex2
The half-indices (
4du2u3_ index
1.35) and (
4du2u3_hindex2
1.36) can be expressed as
II4d U(2)|U(3)N ′ = II
4d U(3)|U(2)
D
=
(q)∞
(q
1
2 t2; q)︸ ︷︷ ︸
II4d U(1)D
∞∑
n=0
∞∑
m=0
q
2n+m
2 t−2(2n+m)
(q1+n; q)∞(q
3
2+nt2; q)∞
(q
1
2+nt2; q)∞(q1+nt4; q)∞
· (q
3
2+n+mt2; q)∞(q2+n+mt2; q)∞
(q1+n+mt4; q)∞(q
3
2+ +mt6; q)∞
(1.37) 4du2u3_hindex3
The half-index for NS5′-type interface between U(N) and U(M) gauge theories with N < M is
I 4d U(N)|U(MN ′
i
i
i ̸ j
si
sj
;
1
2 t si
j
; ︸
II4d U(N)N ′
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ N+M∏
i=N+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
i=1
M∏
k=N+1
(
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
(1.38) 4duNuM_hindex
This will coincide with the half-index for D5- ype interfac between U(N) and U(M) gaug theories:
II4d U(M)|U(N)D =
1
N !
(q)2N∞
(q
1
2 t2; q)N∞(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
i
sj
; q
)
∞
(
q sisj
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(N)
×
M−N∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(M − N)Nahm
·
N∏
i=1
(
q
M−N+1
2
+1
2 t2(
M−N+1
2 −1)si; q
)
∞
(
q
M−N+1
2
+1
2 t2(
M−N+1
2 −1)s−1i ; q
)
∞(
q
M−N+1
2
2 t2
M−N+1
2 si; q
)
∞
(
q
M−N+1
2
2 t2
M−N+1
2 s−1i ; q
)
∞
(1.39) 4duNuM_hindex2
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Figure 2: 3d interface of NS5′-type and of D5-type with different numbers of D3-branes. For D5-type
interface there is no 3d hypermultiplet at the interface. When the difference of numbers of D3-branes
is larger than one, the defect introduces the Nahm pole.
Experimentally, we will have the following identity between the NS5′ interface half-indedx (3.12) and
the D5-type interface half-index (3.13):
II4d U(N)|U(N)N ′ = II
4d U(N)|U(N)
D
=
∞∑
n1,··· ,nN=0
N∏
i=1
(
q1+
i−1
2 +
∑i
k=1 nkt2(i−1); q
)2
∞(
q
1
2+
i−1
2 +
∑i
k=1 nkt2+2(i−1); q
)2
∞
q
∑N
k=1(N+1−k)nk
2 t−2
∑N
k=1(N+1−k)nk . (3.14)
We associate these expressions to the branch of vacua where all D3-branes break and the left set is
translated with respect to the right set along the fivebrane. Notice that the low energy description
of that system involves Nahm pole boundary conditions, whose half-index is quite visible as the first
in the sum.
Again, it would be also nice to find an expansion corresponding to the bi-fundamental hypers
getting a vev, and to prove the various identities proposed in this section.
3.2 U(N)|U(M) interfaces
Next, we can look at the setup with unequal numbers of D3-branes ending on the two sides of
fivebranes (see Figure 2).
3.2.1 U(2)|U(1)
The simplest example is the 3d interface between 4d N = 4 U(2) and U(1) gauge theories. The
physics of NS5′-type interface can be described by 4d N = 4 U(2) gauge theory for x2 > 0, 4d N = 4
U(1) gauge theory for x2 < 0 and 3d bi-fundamental twisted hypermultiplets at x2 = 0 transforming
in the representation (2,−) ⊕ (2,+) of the gauge group U(2) × U(1).
The half-index of NS5′-type interface between U(2) and U(1) gauge theories involving bi-fundamental
27
twisted hypermultiplets is
II4d U(2)|U(1)N ′ =
1
2!
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1s2
)
∞
(
q
1
2 t2 s2s1
)
∞︸ ︷︷ ︸
II4d U(2)N′
(q)∞
(q
1
2 t2; q)∞
∮
ds3
2piis3︸ ︷︷ ︸
II4d U(1)N′(
q
3
4 t s1s3 ; q
)
∞
(
q
3
4 t s3s1 ; q
)
∞(
q
1
4 t−1 s1s3 ; q
)
∞
(
q
1
4 t−1 s3s1 ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
s1
s3
)
(
q
3
4 t s2s3 ; q
)
∞
(
q
3
4 t s3s2 ; q
)
∞(
q
1
4 t−1 s2s3 ; q
)
∞
(
q
1
4 t−1 s3s2 ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
s2
s3
)
. (3.15)
The S-dual configuration is realized as a single D5-brane on which two D3-branes in x6 < 0 and a
single D3-brane in x6 > 0 terminate. In the gauge theory, the U(2) 4d gauge group for x6 > 0 is
reduced to a U(1) subgroup at the interface (generated by the
(
1 0
0 0
)
generator) and identified with the
U(1) 4d gauge group for x6 < 0. The commuting U(1) subgroup (generated by the
(
0 0
0 1
)
generator)
becomes a global symmetry at the interface.
In contrast to the case with equal numbers of D3-branes, there is no 3d N = 4 hypermultiplet at
the interface. On the other hand, in x6 > 0 there are 4d gauginos and scalar fields of the U(2) gauge
theory that do not belong to the surviving U(1) gauge theory. They may contribute to the index.
In fact, we can check experimentally that the half-index (3.15) matches with the following half-
index of the S-dual D5-type interface:
II4d U(1)|U(2)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2piis︸ ︷︷ ︸
I4d U(1)
(q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
(qs; q)∞(qs−1; q)∞
(q
1
2 t2s; q)∞(q
1
2 t2s−1; q)∞
. (3.16)
The integrand in (3.16) would correspond to the 4d gauginos and scalar fields of the U(2) gauge
theory that do not belong to the surviving U(1) gauge theory in x6 > 0.
The half-index in the integral form (3.16) can be written as a sum over residues again
II4d U(1)|U(2)D =
(q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
∞∑
n=0
(q1+n; q)∞(q
3
2+nt2; q)∞
(q
1
2+nt2; q)∞(q1+nt4; q)∞
q
n
2 t−2n. (3.17)
We associate these expressions to the branch of vacua where all D3-branes break and the left set is
translated with respect to the right set along the fivebrane. Notice that the low energy description
of that system involves Nahm pole boundary conditions for the U(2) gauge fields and Dirichlet for
the U(1),whose half-index is the first term in the sum.
The half-indices (3.15) and (3.16) can be alternatively expanded as
II4d U(2)|U(1)N ′ = II
4d U(1)|U(2)
D
=
(q)∞(q
1
2 t−2; q)∞
(q
1
2 t2; q)2∞
∞∑
n=0
(q1+n; q)2∞
(q
1
2+nt−2; q)2∞
qnt4n. (3.18)
The sum has the first term as the product of the index I4d U(1) of 4d N = 4 U(1) gauge theory and
the half-index II4d U(1)N ′ of the Neumann b.c. N ′ for 4d N = 4 U(1) gauge theory. The expansion
(3.18) would be associated to the Higgsing process of giving vevs to the bi-fundamental twisted
hypermultiplet. In the brane configuration this is realized by detaching a single D3-brane from the
NS5′-brane, attaching another semi-infinite D3-brane to the NS5′-brane and separating them.
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3.2.2 U(3)|U(1)
Let us consider the 3d interface between U(3) and U(1) gauge theories. When the difference between
the numbers of D3-branes is larger than one, the D5-brane interface involves Nahm poles [4].
The NS5′-type interface includes 4d N = 4 U(3) gauge theory in x2 > 0, 4d N = 4 U(1) gauge
theory in x2 < 0 and 3d N = 4 bi-fundamental hypermultiplet transforming as (3,−) ⊕ (3,+) under
the U(3) × U(1) gauge group. The half-index for NS5′-type interface between U(3) gauge theory and
U(1) gauge theory is
II4d U(3)|U(1)N ′ =
1
3!
(q)3∞
(q
1
2 t2; q)3∞
∮ 3∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(3)N′
(q)∞
(q
1
2 t2; q)∞
∮
ds4
2piis4︸ ︷︷ ︸
II4d U(1)N′
3∏
i=1
(
q
3
4 t sis4 ; q
)
∞
(
q
3
4 t s4si ; q
)
∞(
q
1
4 t−1 sis4 ; q
)
∞
(
q
1
4 t−1 s4si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s4
)
. (3.19)
The S-dual D5-type interface has three D3-branes in x6 < 0 and a single D3-brane in x6 > 0.
The D5-brane defect will break the 4d gauge group U(3) in x6 < 0 down to a block-diagonal U(1)
identified with the gauge group for x6 > 0. The commuting U(2) block supports a Nahm pole
configuration as in (2.12) with a pole associated to an embedding ρ : su(2) → u(2). There is no 3d
N = 4 hypermultiplet at the defect. The diagonal U(1) in the U(2) subgroup survives as a global
symmetry at the interface.
Experimentally, the NS5-type interface half-index (3.19) coincides with
II4d U(1)|U(3)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2piis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
II4d U(2)Nahm
(q
5
4 ts; q)∞(q
5
4 ts−1; q)∞
(q
3
4 t3s; q)∞(q
3
4 t3s−1; q)∞
.
(3.20)
This should be viewed as the half-index of D5-type interface between U(3) and U(1) gauge theories.
The integrand in (3.20) would correspond to the 4d gauginos and scalar fields which are not contained
in the whole 4d U(1) gauge theory.
The half-indices (3.19) and (3.20) admit the expansion
II4d U(3)|U(1)N ′ = II
4d U(1)|U(3)
D
=
(q)∞(q
3
2 t2; q)∞
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
II4d U(2)Nahm
∞∑
n=0
(q1+n; q)∞(q2+nt4; q)∞
(q
1
2+nt2; q)∞(q
3
2+nt6; q)∞
q
n
2 t−2n. (3.21)
This expansion corresponds to the Higgsing procedure giving vevs to the fundamental hypers, which
decomposes the whole D3-branes into a stack of three semi-infinite D3-branes in x6 < 0 and a single
semi-infinite D3-brane in x6 > 0 as its first term takes the form of the product of the half-indices
II4d U(3)Nahm and II
4d U(1)
D .
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The half-indices (3.19) and (3.20) have another expansion
II4d U(3)|U(1)N ′ = II
4d U(1)|U(3)
D
=
(q)∞(q
1
2 t−2; q)∞(q
3
2 t2; q)∞
(q
1
2 t2; q)2∞(qt4; q)∞
∞∑
n=0
(q1+n; q)2∞
(q
1
2+nt−2; q)2∞
q
3n
2 t6n. (3.22)
The first term in the sum is the product of the 4d U(1) index I4d U(1) and the U(2) Nahm index
II4d U(2)Nahm . As the U(2) Nahm index is equivalent to the U(2) Neumann index II
4d U(2)
N ′ , the sum (3.22)
will correspond to the separation of the NS5′-brane attaching two semi-infinite D3-branes in from a
single D3-brane.
3.2.3 U(4)|U(1)
To gain more insight, we can look at another concrete example before tackling the general case.
Consider the NS5′-type interface between four D3-branes in x2 > 0 and a single D3-brane in
x2 < 0. It is described by 4d N = 4 U(4) gauge theory in x2 > 0, 4d N = 4 U(1) gauge theory in
x2 < 0 and 3d N = 4 bi-fundamental hypermultiplets. The half-index is given by
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
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dsi
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ds5
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4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
. (3.23)
The S-dual D5-type interface will break the U(4) gauge symmetry in x6 < 0 down to the U(1)
gauge symmetry in x6 > 0. There is no 3d N = 4 hypermultiplet at x6 = 0. In this case the 4d scalar
fields have a singular behavior which is controlled by the Nahm pole boundary condition with a pole
associated to an embedding ρ : su(2) → u(3). The diagonal U(1) in the U(3) subgroup survives as a
global symmetry at the interface.
We can check that the NS5-type half-index (3.23) coincides with the following half-index for
D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2piis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
.
(3.24)
The half-indices (3.23) and (3.24) admit the expansion
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
∞∑
n=0
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
q
n
2 t−2n. (3.25)
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This residue sum corresponds to the Higgsing procedure by giving vevs to the fundamental hypers.
As its first term is the product of two half-indices II4d U(4)Nahm and II
4d U(1)
D , this is physically realized as
the splitting of D3-branes into two halves in x6 < 0 and in x6 > 0.
Another expansion of the half-indices (3.23) and (3.24) takes the form
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
1
2 t−2; q)∞(q
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1
2+nt−2; q)2∞
q2nt8n. (3.26)
The sum begins with the product of 4d U(1) full index I4d U(1) and the half-index II4d U(3)Nahm for the
Nahm pole boundary condition of rank 3. This would be associated to the Higgsing procedure of
giving vevs to the twisted hypermultiplet, which removes three semi-infinite D3-branes ending on the
NS5′-brane from a single D3-brane.
3.2.4 U(N)|U(1)
For the interface between 4d N = 4 U(N) gauge theory and Abelian gauge theory, the half-index for
the NS5′-type interface takes the form
II4d U(N)|U(1)N ′ =
1
N !
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. (3.27)
This will match with the half-index for the D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
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2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2piis︸ ︷︷ ︸
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. (3.28)
The integrand is the expected contributions from the 4d U(N) gauge theory fields controlled by the
Nahm pole boundary conditions associated to the embedding ρ : su(2) → u(N − 1).
The half-indices (3.23) and (3.24) have an expansion
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
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2 +nt2N ; q)∞
q
n
2 t−2n. (3.29)
This is obtained by picking up the residues of at s = q
N
4 +ntN in the D5 interface index (3.28). As
the residue sum starts with the product of the two half-indices II4d U(N)Nahm and II
4d U(1)
D , the expansion
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(3.29) is associated to the Higgsing process invoking a decomposition of the D3-branes into a single
D3-brane in x6 < 0 and N D3-branes in x6 > 0.
The half-indices (3.27) and (3.28) also have an expansion
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
(q
1
2 t−2; q)∞
(q
1
2 t2; q)∞
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞
∞∑
n=0
(q1+n; q)2∞
(q
1
2+nt−2; q)2∞
q
Nn
2 t2Nn. (3.30)
The first term in the sum is the product of the 4d U(1) index I4d U(1) and the half-index II4d U(N − 1)Nahm
for the Nahm pole boundary condition of rank (N − 1). This expansion for the half-index would
be interpreted as the Higgsing process of giving vevs to the bi-fundamental twisted hypermultiplet,
which attaches the (N − 1) semi-infinite D3-branes to the NS5′-brane and then separates from the
remaining D3-brane.
The Higgsing processes corresponding to the two deformations in the brane configurations for the
U(N)|U(1) 3d interfaces are illustrated in Figure 3.
3.2.5 U(2)|U(3)
As the last example, let us consider the interface between two non-Abelian gauge theories of gauge
group U(2) and U(3). For the D5-type interface, this admits the non-Abelian gauge symmetry in
four-dimensions.
The NS5′ interface involves the 4d N = 4 U(2) gauge theory in x2 > 0, 4d N = 4 U(3) gauge
theory in x2 < 0 and 3d N = 4 hypermultiplets transforming under the gauge group U(2)× U(3) as
(2,3) ⊕ (2,3).
The half-index for NS5′-type interface between U(2) and U(3) gauge theories is
II4d U(2)|U(3)N ′ =
1
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)
. (3.31)
For the D5-type interface the gauge group U(3) in x6 > 0 would be broken down to a U(2)
block-diagonal subgroup to be identified with the U(2) gauge symmetry in x6 < 0. Another block-
diagonal U(1) subgroup survives as a global symmetry at the interface. The defect has no 3d N = 4
hypermultiplet. As the difference of the numbers of D3-branes is one, there is no Nahm pole at
x6 = 0.
We can check experimentally that the half-index (3.31) coincides with the following half-index for
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge ano aly fr e theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, T , nTR, nL, nR, nBL, nB , nBR be the umbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dicti ary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + BR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the number ending from the left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
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(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge th ories:
II4d U(1)|U(4)D =
(q)2∞
(q
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2 t2; q)∞(q
1
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ds
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(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
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(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
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N !
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(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
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1
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ds
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I4d U(1)
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(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
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(1.33) 4duNu1_hindex3
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Note that the fundamental and anti-fundamental repr sentations have the same contributions to
the ’t Ho ft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelia gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes nd 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and spac coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-bra es in e (x2, x6) dir ctions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Fig re 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) boundary conditi s in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced i th e ghboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-ri ht (see Figure
fig_singlebox
13). From the dictionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundame tal twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, b and nBR (0, 2) fundamental Fermi multiplets.
Accordi g to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Bra e ordering
subsec_04ineq
We will defin a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
ra es e i g on the 5-brane from the right inus the number ending from the left while the other is
the that of D3- ranes e ding on the 5-brane from t e top minus the number ending from the bottom.
1. Any D5-branes wit non-zero net numbers of D3-branes are located on the right hand of all the
NS5- ra es and any D5′-branes wit on-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
im osed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions i (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeye at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dictionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the number ending from the left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
28
Note that the fundamental and anti-fundamental representations hav the same c ntributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry m y be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. The the correspo ding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of he anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-bran s at ingularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) br e box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hana y:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to co struct 3d N = 4 supe symmetric
gauge theories. I this section we will gen ralize these brane configur ti ns to co struc 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordi ates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) direc ions. We will co sider t e case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-vo ume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
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dsi
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∮
ds5
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3
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3
4 t s5si ; q
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q
1
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4 t−1 s5si ; q
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I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) d U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
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II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
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3
2 t2; q)∞(q2t4; q)∞
(q
1
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3
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n=0
q
n
2 t−2n
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5
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(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory i
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
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1
2 t2; q)N∞
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dsi
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(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
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I4d U(1)
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(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
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II4d U(N − 1)Nahm
∞∑
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q
n
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1
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(1.33) 4duNu1_hindex3
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Figure 13: Single box of N D3-branes a d eight ypes of D3-branes with infinite extent.
fig_sing ebox
accou t the (0, 4) boundary con iti ns in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtai gauge anomaly free theory from on-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displac d in the neighboring infinit regions in t p-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From t e dictionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-bra es i roduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and BR D3-b anes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL R + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-bran s ending n a 5-brane. One is the number of D3-
branes ending on the 5-brane from the rig t minus th number ending from the left while the other is
the th t o D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbe s of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-bran s. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is impo ed in
Gaiotto:2008ak
[13] for NS55- nd D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to righ and from bottom to top. Unless this
constraint is satisfi d or D5-brane, the oduli space f solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-b ane
Chung:2016pgt
[14], we also impose a si ilar c nstraint on the linking numbers of
additio al 5-branes. Following he s me line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to c nditions in (0, 4) U(N) gauge theory:
NH 2 , NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermul iplet and NT is that of (0, 4) twisted
hypermultiplets. When thes conditions are obeyed a each node, the (0, 4) quiver gauge theories
will be good or balanced.
28
Note that the fundamental and a i-fundamental represe tat ons have the same contribu ion to
the ’t Hooft anomalies. Wh le gau e anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be hol m rphic or anti-holomorphic, i.e. le t- or right-moving. Then the corresp nd ng global
ymm try can be enhan ed to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
ant -holomorphic sector of the ssociat d CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomal es. In
Mohri:1997ef
[11] th th or es on D1-branes at singularities the
n n-vanishing A eli n gauge anomali s are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary onditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. epresentation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
(0, 4) br e b x model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] c nfigurations of D3-branes and 5-branes were used to con truct 3d N = 4 supersymmetric
gauge the ries. In thi section we will ge eralize thes brane configurations to c ns ruct 2d N = (0, 4)
super ymmetric gauge theories. We consid r Type IIB superstring theory in Minkowski spacetime
with ti e coordi ate x0 and space co rdi ates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
W introduce NS5-branes with world volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes n (x0, x1, x2, x7, x8, 9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with worl -volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-bra es in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) direc io s. W will co sider t e case in w ich the D3-branes are
bounded by all the 5-br nes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
se two direc ions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fu dament l and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorp ic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Ch ck the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadd :2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) oundary co ditions in 3d N = 2 theory, the nomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjo nt −N2
g ug multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) bran box model
subsec_d3box
2 1 Br configu ations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes a d 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We c nsider Type IIB superstring theory in Minkowski spacetime
with time coordi ate x0 and sp ce coordinates x1, · · · , x9. Let QL nd QR be the supercharges ge -
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-bran s in the (x2, x6) directio s. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
The half-index for NS5′-type interface between U(4) gaug th ory nd U(1) gauge th ry is
II4d U(4)|U(1)N ′ =
1
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3
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(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) nd U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
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2 t2; q)∞(q
1
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∮
ds
2πis︸ ︷︷ ︸
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2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
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(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
i
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1
i
; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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(i)
(ii)
Figure 3: Higgsing procedures of the U(N)|U(1) interfaces in 4d N = 4 SYM theories corresponding
to the deformations of Type IIB brane configurations. (i) Separation of the NS5′-brane which breaks
gauge symmetry from U(N) × U(1) to U(N − 1) × U(1). This corresponds to giving vevs to the
3d N = 4 bi-fundamental twisted hypermultiplets. (ii) Splitting of D3-branes along the D5-brane
leading to a pair of D and Nahm/D b.c. for 4d N = 4 U(1) d U(N) gauge theories respectively.
This corresponds to giving vevs to the 3d N = 4 fundamental hypermultiplets.
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D5-type interface between U(2) and U(3) gauge theories:
II4d U(3)|U(2)D =
1
2
(q)4∞
(q
1
2 t2; q)2∞(q
1
2 t−2; q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(2)
× (q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
·
2∏
i=1
(qsi; q)∞(qs−1i ; q)∞
(q
1
2 t2si; q)∞(q
1
2 t2s−1i ; q)∞
. (3.32)
The integrand has the same form as (3.16) where the difference of the numbers of D3-branes is one.
Hence it would capture the 4d gauginos and scalar fields in x6 > 0 of the original U(3) gauge theory
which are not part of the U(2) gauge theory.
The half-indices (3.31) and (3.32) can be expressed experimentally as
II4d U(2)|U(3)N ′ = II
4d U(3)|U(2)
D
=
(q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
∞∑
n=0
∞∑
m=0
(q1+n; q)∞(q
3
2+nt2; q)∞
(q
1
2+nt2; q)∞(q1+nt4; q)∞
· (q
3
2+n+mt2; q)∞(q2+n+mt4; q)∞
(q1+n+mt4; q)∞(q
3
2+n+mt6; q)∞
q
2n+m
2 t−2(2n+m).
(3.33)
It would be nice to find a similar expansion for the bi-fundamental Higgsing, and to prove all
these conjectural equalities.
3.2.6 U(N)|U(M)
Now we would like to propose the generalization of the results so far. We already discussed the
N = M case above, so we can focus on N < M without loss of generality.
For the NS5′-type interface between N D3-branes in x2 > 0 and M D3-branes in x2 < 0, we have
4d N = 4 U(N) gauge theory for x2 > 0, 4d N = 4 U(M) gauge theory for x2 < 0 and 3d N = 4
hypermultiplets transforming as (N,M) ⊕ (N,M) under the gauge group U(N) × U(M).
The half-index for NS5′-type interface between U(N) and U(M) gauge theories is
II4d U(N)|U(M)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ N+M∏
i=N+1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N′
×
N∏
i=1
N+M∏
k=N+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
. (3.34)
The S-dual configuration is a single D5-brane at x6 = 0, N D3-branes in x6 < 0 and M D3-
branes in x6 > 0. The D5-brane break down 4d gauge group from U(N) × U(M) to U(N) at the
interface. If |N −M | > 1 there is a regular Nahm pole in the block-diagonal U(M −N) sugbroup of
U(M). The diagonal U(1) in U(M − N) survives as a global symmetry at the interface. There are
no hypermultiplets at the defect.
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The half-index for D5-type interface between U(N) and U(M) gauge theories will take the form:
II4d U(N)|U(M)D
=
1
N !
(q)2N∞
(q
1
2 t2; q)N∞(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
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si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(N)
×
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k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(M − N)Nahm
·
N∏
i=1
(
q
3
4+
M−N
4 t−1+M−Nsi; q
)
∞
(
q
3
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M−N
4 t−1+M−Ns−1i ; q
)
∞(
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.35)
We expect that the half-index (3.34) of the NS5′-type interface and the half-index (3.35) of the
D5-type interface coincide.
It would be nice to derive some appropriate Higgsing expansion.
4 NS5′-D5 junctions
When the intersecting fivebranes are NS5′ and D5, we find no constraints on the numbers of D3-
branes in the four quadrants. We label the NS5′-D5 junction by the numbers of D3-branes as (N ML K )
in such a way that the NS5′-brane splits four elements into two rows (N M ) and ( L K ) while the
D5-brane separates them into two columns (NL ) and (
M
K ).
The NS5′-brane will impose Neumann boundary conditions to the gauge groups on the two sides,
together with bi-fundamental twisted hypers. The D5-brane will either support fundamental hypers
or impose appropriate reductions of the gauge groups and Nahm poles.
We conjecture that at the junction the fundamental hypers, if present, will have Neumann bound-
ary conditions. The bi-fundamental twisted hypers, instead, will be glued across the junction in a
manner analogous to the respective gauge groups. Extra Fermi multiplets may be needed in order
to cancel anomalies. The charge assignment of hypers, twisted hypers and Fermi’s will allow the
introduction of extra cubic couplings required to preserve N = (0, 4) SUSY [44].
The Fermi multiplets and cubic couplings also play an important role in enforcing the correct
spaces of vacua and deformations for the gauge theory setup. In particular, it must be possible
to find deformations and vacua which correspond to D3-brane pieces moving along the fivebranes,
or recombining and moving away from some fivebranes, possibly in conjunction with the fivebranes
moving away from each other. When possible, the corresponding Higgsing manipulations of the
quarter-indices must match the expected IR physics.
Finally, as for the Y-junctions we study later on, these junctions are expected to admit a defor-
mation supporting a vertex operator algebra as in [12]. We will describe the relation between the
appropriate specialization of the quarter-indices and appropriate constructions of the vertex algebras
as BRST reductions of simpler algebras.
4.1
(
N N
0 0
)
and
(
0N
0N
)
4.1.1
(
1 1
0 0
)
and
(
0 1
0 1
)
Consider the ( 1 10 0 ) NS5
′-D5 junction. Both the U(1) gauge theory and the extra fundamental 3d hyper
associated to the D5-brane should have Neumann boundary conditions at the NS5′-brane. According
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to the brane box analysis in [16] and gauge anomaly cancellation, there should be an additional
charged Fermi multiplet at the intersection of NS5′-brane and D5-brane. This Fermi multiplet will
be also charged under an extra U(1)x flavor symmetry with fugacity x. Notice that because of mixed
anomalies, U(1)x is also identified with the “topological” symmetries present at the Neumann b.c.,
with currents ∗F∂ and the U(1) global symmetry of the fundamental hyper. In the brane setup,
this flavor symmetry is identified with a diagonal combination of the U(1) gauge symmetries on the
fivebrane worldvolumes.
We thus obtain the following quarter-index for the ( 1 10 0 ) NS5
′-D5 junction:
IV(
1 1
0 0 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
(q
1
2 sx; q)∞(q
1
2 s−1x−1; q)∞
(q
1
4 ts; q)∞(q
1
4 ts−1; q)∞︸ ︷︷ ︸
II3d HMN (s)·F (q
1
2 sx)
. (4.1)
The S-dual configuration is the ( 0 10 1 ) NS5
′-D5 junction. The D5-brane completely breaks the
two U(1) gauge groups, imposing Dirichlet b.c. to both gauge fields and to the 3d N = 4 twisted
hypermultiplet associated to the NS5′-brane. The boundary global symmetries for the gauge Dirichlet
boundary conditions only act on the boundary values of the twisted hypermultiplet. We identify that
with the U(1)x action in the dual picture, and with the worldvolume gauge symmetry theory of the
fivebranes.
Then the quarter-index of the ( 0 10 1 ) NS5
′-D5 junction takes the form
IV(
0 1
0 1 )
N ′D =
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
(q
3
4 tx; q)∞(q
3
4 tx−1; q)∞︸ ︷︷ ︸
II3d tHMD
. (4.2)
As expected, the quarter-indices (4.1) and (4.2) coincide.
A few observations are in order. First of all, the index has no poles as a function of the x fugacity.
There are no gauge-invariant bosonic operators charged under U(1)x which can get a vev.
Next, we can expand the contour integral in IV(
1 1
0 0 )
N ′D as a sum over residues at s = q
1
4+nt
IV(
1 1
0 0 )
N ′D =
1
(q)∞(q
1
2 t2; q)∞
(q
3
4 tx; q)∞(q
1
4 t−1x−1; q)∞
∞∑
n=0
(q1+n; q)∞
(q
1
2+nt2; q)∞
q
n
4 t−nx−n. (4.3)
This is associated to a relative separation of the two D3-brane quadrants enforced by a vev of the
fundamental hypermultiplet. The sum begins with the square of the IV(
1 0
0 0 )
N ′D quarter-index as well as
the Fermi index F (q
3
4 tx). Applying the q-binomial theorem (B.4), we can see that (4.3) is equal to
the quarter-index (4.2).
The quarter-index of the ( 0 10 1 ) NS5
′-D5 junction also has an expansion
IV(
0 1
0 1 )
N ′D =
1
(q
1
2 t2; q)2∞
1
(q)2∞
∞∑
n=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞(−1)nx2k−ntnq n
2
2 +
n
4 +k(k−n). (4.4)
Unlike the residue sum (4.3), the sum (4.4) has the first term as just the square of the IV(
1 0
0 0 )
N ′D
quarter-index. We are not sure about the significance of that fact.
Furthermore, we can evaluate the integral (4.1) as
IV(
1 1
0 0 )
N ′D =
(q
1
4 t−1x; q)∞(q
1
4 t−1x−1; q)∞
(q)∞(q
1
2 t2; q)∞
∞∑
m=0
(q1+m; q)2∞
(q
1
4+mt−1x; q)∞(q
1
4+mt−1x−1; q)∞
q
m
2 t2m (4.5)
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by using the q-binomial theorem (B.4). In contrast to the sum of residue at s = q
1
4+nt, the sum
(4.5) starts with the half-index II4d U(1)N ′ of the Neumann boundary condition N ′ for 4d N = 4 U(1)
gauge theory. It should correspond to the two quarter D3-branes merging and separating from the
D5-brane.
The specialization t→ q 14 in the quarter-indices gives characters of the û(1|1) Kac-Moody algebra,
either directly or by the description as û(1)-BRST reduction of û(1)× Sb× Fc× û(1).
Finally, we can try to add a Wilson line Wn of charge n. It will end at the junction on a local
operator of gauge charge −n. The quarter-index for such local operators tentatively takes the form
IV(
1 1
0 0 )
N ′D+Wn =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis
(q
1
2 sx; q)∞(q
1
2 s−1x−1; q)∞
(q
1
4 ts; q)∞(q
1
4 ts−1; q)∞
sn. (4.6)
By picking up the residues at poles s = q
1
4+mt and using the q-binomial theorem (B.4), the
quarter-index (4.6) is evaluated as
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N ′D+Wn =
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(q
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1
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q
n
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=
(q
3
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1
4+nt−1x−1; q)∞
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1
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3
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q
n
4 tn · IV(
0 1
0 1 )
N ′D . (4.7)
which should have an interpretation in terms of endpoints of a ’t Hooft operator of charge n. We
defer discussions of the dualities involving the line operators to future work.
4.1.2
(
2 2
0 0
)
and
(
0 2
0 2
)
For the ( 2 20 0 ) NS5
′-D5 junction, there are two semi-infinite D3-branes in x2 > 0 which terminate on
the NS5′-brane. This corresponds to the 4d U(2) gauge theory with Neumann boundary condition
N ′. There is the 3d N = 4 fundamental hypermultiplet arising from the D5-brane. It should obey
the Neumann boundary condition N ′. Similarly to the Abelian case, anomaly cancellation requires
fundamental Fermi multiplets as well.
The quarter-index for the ( 2 20 0 ) NS5
′-D5 junction takes the form
IV(
2 2
0 0 )
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
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)
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q
1
2 t2 s1s2 ; q
)
∞
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1
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)
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1
2 s1x; q)∞(q
1
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−1; q)∞ · (q 12 s2x; q)∞(q 12 s−12 x−1; q)∞
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1
4 ts1; q)∞(q
1
4 ts−11 ; q)∞ · (q
1
4 ts2; q)∞(q
1
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II3d HMN (s1)·II3d HMN (s2)·F (q
1
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1
2 s2x)
. (4.8)
The S-dual configuration is the ( 0 20 2 ) NS5
′-D5 junction. Now the difference of numbers of D3-
branes across the D5-brane is two and the two U(2) gauge fields must have regular Nahm pole
boundary conditions there.
We need to understand the effect of the Nahm pole boundary conditions on the bi-fundamental
twisted hypermultiplet. Rather than trying to identify the correct “disorder” definition of the bound-
ary condition, i.e. the correct singular solution of the joint equations of motion for the gauge field and
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twisted hypermultiplet, we can tentatively define the system as an RG flow from Dirichlet boundary
conditions for gauge fields and 3d twisted hypers, triggered by deforming the gauge fields b.c. by a
nilpotent expectation value for X+, removing by hand eventual decoupled fields.
In any case, we can check that the quarter-index (4.8) of the ( 2 20 0 ) NS5
′-D5 junction turns out to
coincide with the following expression, which is a very natural proposal for the quarter-index of the
( 0 20 2 ) NS5
′-D5 junction:
IV(
0 2
0 2 )
N ′D =
1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
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1
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3
4 tx; q)∞(q
3
4 tx−1; q)∞ · (q 54 t3x; q)∞(q 54 t3x−1; q)∞.
(4.9)
We recognize the gauge field contributions we found in section 3.2.2 in the denominator, while the
numerator can clearly arise from the same Higgsing procedure applied to the bi-fundamental twisted
hypermultiplet.
More precisely, before we subtract off the decoupled free fields originating from the twisted hy-
permultiplet, the numerator would be
(q
1
4 t−1x; q)∞(q
1
4 t−1x−1; q)∞ · (q 34 tx; q)2∞(q
3
4 tx−1; q)2∞ · (q
5
4 t3x; q)∞(q
5
4 t3x−1; q)∞. (4.10)
The factors (q
1
4 t−1x; q)∞(q
3
4 tx−1; q)∞ and (q
1
4 t−1x−1; q)∞(q
3
4 tx; q)∞ we strip off are indices of 2d
Fermi multiplets with fugacities q
1
4 t−1x±1.
The quarter-index of the ( 0 20 2 ) NS5
′-D5 junction can be expanded as
IV(
0 2
0 2 )
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The expansion starts from the square of the IV(
2 0
0 0 )
N ′D quarter-index and should correspond to giving
a vev to the fundamental hypermultiplet.
Another expansion from which we may try to draw a lesson is
IV(
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0 0 )
N ′D = IV
( 0 20 2 )
N ′D
=
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2
(q−
1
2 t−2; q)2∞(q
3
4 tx; q)2∞(q
1
4 t−1x−1; q)2∞
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1
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n∑
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3
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3
4+2k−ntx−1; q)∞(q1+k; q)∞(q1+n−k; q)∞
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1
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1
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1
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(4.12)
The first term is the product of the fourth power of the quarter-index IV4d U(1)N ′D and the square of the
half-index II3d tHMD (x) of the Dirichlet boundary condition D for the twisted hypermultiplet. This
may have a Higgsing interpretation.
The specialization t→ q 14 in the quarter-indices gives characters of the Drinfeld-Sokolov reduction
of the û(2|2) Kac-Moody algebra by the regular su(2) embedding in both û(2) sub-algebras, either
directly or by the description as û(2)-BRST reduction of û(2)× Sb2 × Fc2 × û(2). The DS reduction
involves a certain collection of fermionic and bosonic ghosts which remove Kac-Moody generators
whose dimension would have been non-positive. These have precisely the effect of stripping off the
denominator and numerator factors above.
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4.1.3
(
3 3
0 0
)
and
(
0 3
0 3
)
To get more insight, let us proceed to the ( 3 30 0 ) NS5
′-D5 junction. Three semi-infinite D3-branes in
x2 > 0 ending on the NS5′-brane give the Neumann boundary condition N ′ for 4d N = 4 U(3) gauge
theory. The D5-brane ending on NS5′ brane give the 3d N = 4 fundamental hypermultiplet obeying
the Neumann boundary condition N together with the fundamental Fermi multiplets.
Then the quarter-index for the ( 3 30 0 ) NS5
′-D5 junction is given by
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It turns out that the quarter-index (4.13) or (4.15) is equal to
IV(
0 3
0 3 )
N ′D =
1
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
IV4d U(3)N′Nahm
1
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
IV4d U(3)N′Nahm
× (q 34 tx; q)∞(q 34 tx−1; q)∞ · (q 54 t3x; q)∞(q 54 t3x−1; q)∞ · (q 74 t5x; q)∞(q 74 t5x−1; q)∞ (4.14)
which is very reasonable for the junction involving two regular Nahm poles for the U(3) gauge groups
and related boundary condition for the bi-fundamental twisted hypers.
Again, to match with the Higgsing of a Dirichlet quarter-index to the Nahm pole index we strip
off numerator factors (q−
1
4 t−1x±; q)∞(q
5
4 tx∓; q)∞ and (q
1
4 t−1x±; q)2∞(q
3
4 tx∓; q)2∞ which are indices
of 2d Fermi multiplets.
The quarter-index (4.13) can be expanded as
IV(
0 3
0 3 )
N ′D =
1
(q
1
2 t2; q)2∞(qt4; q)2∞(q
3
2 t6; q)2∞
1
(q)6∞
∞∑
n1=0
∞∑
n2=0
∞∑
n3=0
n1∑
k1=0
n2∑
k2=0
n3∑
k3=0
× (q1+k1 ; q)∞(q1+n1−k1 ; q)∞(q1+k2 ; q)∞(q1+n2−k2 ; q)∞(q1+k3 ; q)∞(q1+n3−k3 ; q)∞
× (−1)n1+n2+n3x2k1+2k2+2k3−n1−n2−n3tn1+3n2+5n3
× q n
2
1+n
2
2+n
2
3
2 +
n1+3n2+5n3
4 +k1(k1−n1)+k2(k2−n2)+k3(k3−n3). (4.15)
The first term in the sum takes the form of the square of the IV(
3 0
0 0 )
N ′D quarter-index and it may
be possible to interprete this sum in terms of a Higgsing process giving a vev to the fundamental
hypermultiplet.
4.1.4
(
N N
0 0
)
and
(
0N
0N
)
Now we would like to propose the generalization for the (N N0 0 ) NS5
′-D5 junction. Again, all fields
get Neumann b.c. at the NS5′ brane and we add a fundamental Fermi multiplet at the junction.
Therefore the quarter-index for the (N N0 0 ) NS5
′-D5 junction takes the form
IV(
N N
0 0 )
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
N∏
i=1
(q
1
2 six; q)∞(q
1
2 s−1i x
−1; q)∞
(q
1
4 tsi; q)∞(q
1
4 ts−1i ; q)∞︸ ︷︷ ︸
II3d HMN (si)·F (q
1
2 six)
. (4.16)
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In a manner analogous to the previous examples, we expect that the quarter-index for the (N N0 0 )
NS5′-D5 junction will coincide with the following quarter-index for the ( 0 N0 N ) NS5
′-D5 junction:
IV(
0 N
0 N )
N ′D =
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N′Nahm/D
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N′Nahm/D
N∏
k=1
(
q
3
4+
k−1
2 t1+2(k−1)x; q
)
∞
(
q
3
4+
k−1
2 t1+2(k−1)x−1; q
)
∞
.
(4.17)
The quarter-index (4.16) of the ( 0 N0 N ) NS5
′-D5 junction has an expansion
IV(
0 N
0 N )
N ′D =
N∏
k=1
1
(q
k
2 t2k; q)2∞
1
(q)2N∞
N∏
i=1
∞∑
ni=0
ni∑
ki=0
(q1+ki ; q)∞(q1+ni−ki ; q)∞
× (−1)nix2ki−nit(2i−1)niq ni(ni−1)2 +ki(ki−ni)+ni4 + ini2 . (4.18)
The sum begins with the square of the IV(
N 0
0 0 )
N ′D quarter-index and may be associated to giving a vev
to the fundamental hypermultiplet.
4.2
(
N M
0 0
)
and
(
0N
0M
)
4.2.1
(
1 2
0 0
)
and
(
0 1
0 2
)
Now consider the case with different numbers of D3-branes across the NS5′-brane or the D5-brane.
We start with the ( 1 20 0 ) NS5
′-D5 junction.
We now have a 4d gauge theory with a gauge group which is reduced from U(2) to U(1) across
the D5 interface. We assign Neumann boundary conditions at the NS5′ boundary and add a single
Fermi multiplet charged under U(1) at the junction for anomaly cancellation or based on the brane
box analysis [16].
Then the quarter-index for the ( 1 20 0 ) NS5
′-D5 junction is given by
IV(
1 2
0 0 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
(q
1
2 sx; q)∞(q
1
2 s−1x−1; q)∞
(q
1
2 t2s; q)∞(q
1
2 t2s−1; q)∞
. (4.19)
This can be computed as the sum over residues at s = q
1
2+mt2
IV(
1 2
0 0 )
N ′D =
1
(q)∞(q
1
2 t2; q)2∞
(qt2x; q)∞(t−2x−1; q)∞
∞∑
m=0
(q1+m; q)∞
(q1+mt4; q)∞
t−2mx−m. (4.20)
The first term includes the product of the quarter-indices IV(
1 0
0 0 )
N ′D and IV
( 0 20 0 )
N ′D as well as the Fermi
index F (qt2x). We associate the residue sum (4.20) to the splitting of the NS5′-D5 junction as ( 1 20 0 )
→ ( 1 00 0 ) ⊕ ( 0 20 0 ).
In addition, the integral can be expanded in terms of the q-binomial theorem (B.4) as
IV(
1 2
0 0 )
N ′D =
1
(q)∞(q
1
2 t2; q)2∞
(t−2x; q)∞(t−2x−1; q)∞
∞∑
m=0
(q1+m; q)2∞
(qmt−2x; q)∞(qmt−2x−1; q)∞
qmt4m. (4.21)
This sum has the first term as the product of the half-index II4d U(1)N ′ and the quarter-index IV
4d U(1)
N ′D
for 4d N = 4 gauge theory. The associated deformation of brane configuration is the decomposition
of the NS5′-D5 junction as ( 1 20 0 ) → ( 1 10 0 ) ⊕ ( 0 10 0 ).
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After the usual specialization of t this reduces to the character of a u(1)-BRST reduction of
û(2)× û(1)× Ff.
The S-dual is the ( 0 10 2 ) NS5
′-D5 junction. We have the usual bi-fundamental twisted hyper at
the NS5′ interface and we impose Dirichlet boundary condition for the U(1) gauge fields and regular
Nahm pole for the U(2) gauge fields at the D5 boundary.
In fact, the quarter-index (4.20) for the ( 1 20 0 ) NS5
′-D5 junction turns out to coincides with the
following quarter-index for the ( 0 10 2 ) NS5
′-D5 junction:
IV(
0 1
0 2 )
N ′D =
1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
(qt2x; q)∞(qt2x−1; q)∞. (4.22)
This can be justified as we did before, as the effect of the Nahm pole modification of the Dirichlet
b.c. indices of the gauge theories and twisted hypermultiplet, where we strip off the Fermi index
(q
1
2x; q)∞(q
1
2x−1; q)∞ from the numerator.
After the usual specialization of t this reduces to the character of the standard DS reduction of
û(2|1).
4.2.2
(
1 3
0 0
)
and
(
0 1
0 3
)
The next simplest case is the ( 1 30 0 ) NS5
′-D5 junction.
Now the U(3) gauge group is reduced to U(1) across the D5 interface by a rank 2 Nahm pole.
The gauge fields are given a uniform Neumann b.c. at the NS5′ boundary condition. We again need
a single extra Fermi multiplet charged under the U(1) gauge group.
The quarter-index for the ( 1 30 0 ) NS5
′-D5 junction can thus be expressed as
IV(
1 3
0 0 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
(q
1
2 sx; q)∞(q
1
2 s−1x−1; q)∞
(q
3
4 t3s; q)∞(q
3
4 t3s−1; q)∞
. (4.23)
Evaluating the integral as the sum over residues at s = q
3
4+mt3, we find
IV(
1 3
0 0 )
N ′D =
(q
5
4 t3x; q)∞(q−
1
4 t−3x−1; q)∞
(q)∞(q
1
2 t2; q)2∞(qt4; q)∞
∞∑
m=0
(q1+m; q)∞
(q
3
2+mt6; q)∞
q−
m
4 t−3mx−m (4.24)
The first term in the sum is the product of the quarter-indices IV(
1 0
0 0 )
N ′D and IV
( 0 30 0 )
N ′D as well as the
Fermi index F (q
5
4 t3x). Physically, the residue sum (4.24) describes the deformation of the NS5′-D5
junction as ( 1 30 0 ) → ( 1 00 0 ) ⊕ ( 0 30 0 ).
Besides, we have another expansion of the quarter-index for the ( 1 30 0 ) NS5
′-D5 junction:
IV(
1 3
0 0 )
N ′D =
(q−
1
4 t−3x; q)∞(q−
1
4 t−3x−1; q)∞
(q)∞(q
1
2 t2; q)2∞(qt4; q)∞
∞∑
m=0
(q1+m; q)2∞
(q−
1
4+mt−3x; q)∞(q−
1
4+mt−3x−1; q)∞
q
3m
2 t6m.
(4.25)
The expansion (4.25) begins with the product of the half-index II4d U(1)N ′ and the quarter-index
IV4d U(2)N ′Nahm for 4d N = 4 gauge theory. This should be associated to a Higgsing procedure split-
ting the NS5′-D5 junction as ( 1 30 0 ) → ( 1 10 0 ) ⊕ ( 0 20 0 ).
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For the S-dual ( 0 10 3 ) NS5
′-D5 junction, we have again the bi-fundamental NS5′ interface based on
a combination of Dirichlet b.c. for the U(1) gauge field and regular Nahm pole for the U(3) gauge
group.
We propose that the quarter-index (4.23) for the ( 1 30 0 ) NS5
′-D5 junction is equal to the following
quarter-index for the ( 0 10 3 ) NS5
′-D5 junction:
IV(
0 1
0 3 )
N ′D =
1
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
IV4d U(3)N′Nahm
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
(q
5
4 t3x; q)∞(q
5
4 t3x−1; q)∞. (4.26)
We can verify experimentally that the expressions (4.23), (4.24), (4.25) and (4.26) give the same
answer.
4.2.3
(
1N
0 0
)
and
(
0 1
0N
)
We are led to the generalization to the junction with a single D3-brane and N D3-branes filled across
fivebrane.
The quarter-index for the ( 1 N0 0 ) NS5
′-D5 junction can be written as
IV(
1 N
0 0 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
N−1∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N − 1)N′D/Nahm
(q
1
2 sx; q)∞(q
1
2 s−1x−1; q)∞
(q
1
4+
N−1
4 t1+(N−1)s; q)∞q
1
4+
N−1
4 t1+(N−1)s−1; q)∞
(4.27)
where the denominator in the integrand captures the bosonic operators which will originate from the
broken U(N) gauge theory while the numerator describes the charged Fermi multiplet which cancels
the U(1) gauge anomaly.
The quarter-index (4.27) can be computed as the sum of residues at poles s = q
N
4 +ntN
IV(
1 N
0 0 )
N ′D =
N∏
k=1
1
(q
k
2 t2k; q)∞
1
(q
1
2 t2; q)∞
(q
N
4 +
1
2 tNx; q)∞(q−
N
4 +
1
2 t−Nx−1; q)∞
×
∞∑
n=0
(q
N
2 t2N ; q)n
(q)n
q−
Nn
4 +
n
2 t−Nnx−n. (4.28)
The sum in (4.28) has the first term which takes the form of the product of the quarter-indices IV(
1 0
0 0 )
N ′D
and IV(
0 N
0 0 )
N ′D as well as the Fermi index F (q
N
4 +
1
2 tNx). In the brane configuration the D3-branes are
divided from ( 1 N0 0 ) to (
1 0
0 0 ) ⊕ ( 0 N0 0 ) as shown in Figure 4.
The integral in (4.27) can also be computed by expanding the integrand in terms of the q-binomial
theorem (B.4). We find that
IV(
1 N
0 0 )
N ′D =
1
(q)∞(q
1
2 t2; q)∞
N−1∏
k=1
1
(q
k
2 t2k; q)∞
(q
1
2−N4 t−Nx±; q)∞
∞∑
m=0
(q1+m; q)2∞
(q
1
2−N4 +mt−Nx±; q)∞
q
Nm
2 t2Nm.
(4.29)
Unlike the sum in (4.28), the first term in (4.29) is the product of the half-index II4d U(1)N ′ and the
quarter-index IV4d U(N − 1)N ′D/Nahm for 4d N = 4 gauge theory. This sum is associated to the deformation of
brane configuration where the D3-branes are divided from ( 1 N0 0 ) to (
1 1
0 0 ) ⊕
(
0 N−1
0 0
)
, as illustrated
in Figure 4.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gaug theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| whic act in the holomorphic or
anti-holomorphic sector of the assoc ted CFT depending on the sign of the anomaly coeffic ent Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) b undary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figur
fig_singlebox
13). From the dic ionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.4 ), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the n mber ending from the left while the other is
the that of D3- ranes ending on th 5-brane from the top minus t number nding from the bottom.
1. Any D5-branes wi n n zero net numb rs of D3-b an s are l ated on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
28
Note th the fundam nt l and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. Whil gauge anomal cancellation is required for consistent gauge theory,
global symmetry m y be anomal us. In the IR, the current of the global symmetry of Lie algebra
f can be holomorp ic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enh nced o t e affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the ass ciated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gaug anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of ppropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we c nsider (0, 2) boundary conditi ns in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-brane and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with t me co rdinate x0 and spac oo dinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Typ IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-bran s with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the bran s share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level | Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishi g Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of ap ropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. r presentation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gaug multiplet D b.c. adjoin N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Figure 13: Single box of N D3-branes a d e ght types of D3-branes with infinite extent.
fig_singlebox
accou t the (0, 4) boundary con itions in subsection
subsec_04BC1
2.2.1, th s ads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gaug anomaly free theory from on-periodic configuration, one can add adj cent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced he neighboring infini e regions i top-left, top, t p-right, left, right, bottom-left, bottom
and bo t m-right ( e Figure
fig_si glebox
13). From he ictionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3- ranes introduce L and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and BR D3-branes lead to TL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the ano aly contributi n (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL R + nT + nB)
1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the number ending from the left while the other is
the th t of D3-bran s endi g on the 5- r ne from the top minus the number ending from th bottom.
1. Any D5-br es with non-zero net numbe s of D3-branes are located on the right hand of all the
NS5-bran s a d y D5′-branes with on-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i. . Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- nd D5-bra es. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are ondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the oduli space f solutions to Nahm equation would
involv extra d coupled 3d N = 4 hypermultiplets. A Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this con traint on a pair of two NS5-branes
le ds to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
28
x789
This will ma ch w th th half-ind x for the D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
× (q
3
4+
N−1
4 t−1+(N−1)s; q)∞(q
3
4+
N−1
4 t−1+(N−1)s−1; q)∞
(q
1
4+
N−1
4 t1+(N−1)s; q)∞(q
1
4+
N−1
4 t1+(N−1)s−1; q)∞
(3.28) 4duNu1_hindex2
The integrand is the expected contributions from the 4d U(N) gauge theory fields controlled by the
Nahm po e boundary conditions associated to the embedding ρ : su(2) → u(N − 1).
The half-indices (
4du4u1_hindex
3.23) and (
du4u1_hindex2
3.24) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
I 4d U(N − 1)Nahm
∞∑
n=0
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
q
n
2 t−2n (3.29) 4duNu1_hindex3
Do bifund mental Higg ing as well
The half-ind ces (
4duNu1_hindex
3.27) and (
4duNu1_hindex2
3.28) can be also expressed as
II4d U(N)|U(1)N ′ = II
4 U(1)|U(N)
D
=
(q
1
2 t−2; q)∞
(q
1
2 t2; q)∞
N−1∏
k=1
(q
k+1
2 t2(k− ); q)∞
(q
k
2 t2k; q)∞
∞∑
n=0
(q1+n; q 2∞
(q
1
2+nt−2; q)2∞
q
Nn
2 2Nn. (3.30) 4duNu1_hindex4
The first term in the sum is the product of the 4d U(1) index I4d U(1) and the half-index II4d U(N − 1)Nahm
for the ahm pole boundary co ditio of ank (N − 1).
3.2. U(2)|U(3)
sec_3du2u3
As the last example, let us consider the interface between two non-Abelian gauge theories of gauge
group U(2) and U(3). For the D5-type inte face, this admits the non-Abelian gauge symmetry in
four-dimensions.
The NS5′ interface involves the 4d N = 4 U(2) gauge theory in x2 > 0, 4d N = 4 U(3) gauge
theory in x2 < 0 and 3d N = 4 hypermultiplets transforming under the gauge group U(2)× U(3) as
(2,3) ⊕ (2,3).
The half-index for NS5′-type interface betw en U(2) and U(3) gauge theories is
II4d U(2)|U(3)N ′ =
1
3!
(q)3∞
(q
1
2 t2; q)3∞
∮ 3∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(3)N ′
1
2!
(q)2∞
(q
1
2 t2; q)2∞
∮ 5∏
i=4
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(2)N ′
×
3∏
i=1
5∏
k=4
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
(3.31) 4du2u3_hindex
30
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellatio is required for consistent gauge th ory,
global symmetry may be anomalous. In the IR, t e current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anom lies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiple D b.c. adjoi t N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordin t x0 and space coordi ates x1, · · · , x9. L t QL and QR b t e supercharges gen-
erate by left- and right-moving world-sheet egrees of freed m. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directio s, S5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge t eory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge t eories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞ qt4; q ∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q 2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 −2n (q
1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory nd U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
1
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
t2(
N
2 −1)s; q)∞(q
N
2
+
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consist nt gauge theory,
global symmetry may be anomalous. In the IR, the current of t e global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the ffine Lie lgebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] th theories on D1-branes at singularities the
non-vanishing Abelian g uge anomalies are sh wn to be c ncelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancel th non-vanishing Abelian ga g
anomalies. **
W en w consider (0, 2) boundary conditio s in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersy metric
gauge theories. In this section we will generalize these brane configuratio s to construct 2d N = ( , 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-movi g world-sheet egrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-bra es
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Figure 13: Single box of N D3-branes an eight types of D3-branes with infinite extent.
fig_ inglebox
account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anom lous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the nu bers of D3-branes
displaced in the neighboring i fi ite regions in top-l ft, t p, top-righ , lef , righ , bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dictiona y (
dic_box
3.37) of brane b x, horizo tally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
Accordi g to he anomaly c tribution (
t_Anom2a
1.40), we fi d f2su(N) gauge anomaly fr e c ndition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR . (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the n mber ending from the left while the other is
the that of D3- ranes ending on th 5-brane from the top minus t number nding from the bottom.
1. Any D5-branes wi n n zero net numb rs of D3-b an s are l ated on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
28
Note th the fundam nt l and anti-fundamental representations have the same contributions to
th ’t Hooft anomalies. Whil gauge anomal cancellatio is r quired for consist nt gauge theory,
global symmetry m y be anomal us. In the IR, the current of the global symmetry of Lie lgebra
f can e holomorp ic or a ti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symm try can be enh nced o t e affine Lie algebra f̂ of level |2Af| whic act in the hol morphic or
anti-holomorphic sector of the ass ciated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of ppropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we c nsider (0, 2) boundary conditi ns in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiple D b.c. adjoi t N
(1.36) t_Anom2a
(0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-brane and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spaceti e
with time coordin t x0 and spac oo di ates x1, · · · , x9. L t QL and QR be t e supercharges gen-
erate by left- and right-moving worl -sheet egrees of freed m. They satisfy the chirality conditions
of Typ IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with wo ld-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volum s i (x0, x1, x2, x7, x8, x9) direct ons, NS5′-branes with world-volu es in (x0, x1,
x6, x7, x8, x9) directions, D5′-bran s with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the bran s share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. I the IR, the curre t of the global symmetry of Lie algebra
f can be holomorphic r anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the asso iated CFT d pending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theo ies on D1-branes at singularities the
non-vanis ing A elia gaug anomalies re shown to be cancelled by a gen ralized Green-Schwarz
mecha ism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
a omalies. **
When we co sider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribut o from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 ultiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge m ltiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) bra e ox model
subsec_d3box
2.1 Brane co figurations
subsec_04susy
In
Hana y:1996ie, Gaiotto:2008ak
[13, 14] co figurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge heories. In this s ction we will gener lize the e brane configurations to construct 2d N = (0, 4)
sup r ymmetric g uge the ries. We c nsid r Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB s perstri g theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-br nes with world-volumes i (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounde by all the 5-branes i the (x2, x6) directions. According to th Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Figur 13: Sin le box N D3-branes and eight typ s of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) boundary conditions in s bsection
su sec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter con ent, (0, 4) U(N) vector multiplet is anomalous.
T obtai gauge anomaly free t eory from non-perio ic co figuration, o e can add adjacent D3-
bra es i (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB nBR b the numbers of D3-branes
displ ced in the neighboring infi ite regions in top-l ft, t p, top-right, lef , right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dicti ary (
dic_box
3.37) of brane box, horizontally aligned nL
and D3-b a es introduce nL and nR (0,4) fundamental hypermultipl ts, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, b and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
Acc rd ng to th omaly contribution (
t_A om2a
1.40), we find f2su(N) gauge a omaly fre conditio
N =
1
2
( L + nR + nT + nB)− 1
4
(nTL + TR + nBL + BR). (4.1) brane_anomalry_sun
4.2 Brane orderi g
subsec_04ineq
W will define a pair of net numbe s of D3-branes e ding on a 5-brane. One is the number of D3-
bran s ending on the 5-bran from the righ minus the number ending fro the left while the other is
t e that of D3-bran s end g on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zer net numbers of D3-branes are located on the right hand of all the
NS5-bra es and any D5′-branes with on-z r net numbers of D3-branes are on the top of all
the NS5′-br nes. This co straint r quires th t we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : s (2)→ g and reduced gauge group H. This
constr int is impos d in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is sati fied f r D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed fr m D5′-br ne
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Foll wing the same line in
Gaiotto:2008ak
[13], this co straint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. Wh n these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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x789
The half-index for NS5′-type interface between U(4) gauge th ory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
j
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-ind x for D5- ype inte f ce between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)N hm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1 h dex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 2n
(q1+n; q)∞(q
5
2+ t6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du u1_hindex3
The half-index for NS5′-type interface betw en U(N) gau e th ry and U(1) gaug theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with th half-ind x for D5-type i terfac between U(1) and U(N) g uge theorie :
II4d U(1)|U( )D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N 1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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(i)
(ii)
Figure 4: Higgsing procedures cor espondi g to the deformations of the
(
1N
0 0
)
NS5′-D5 junction in
Ty e IIB brane configuratio s. (i)
(
1N
0 0
) → (1 10 0)⊕ ( 0 N−10 0 ) (ii) (1N0 0 ) → (1 00 0)⊕ (0N0 ).
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The S-dual junction is the ( 0 10 N ) NS5
′-D5 junction. We expect that its quarter-index reads
IV(
0 1
0 N )
N ′D =
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N′D/Nahm
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
(q
3
4+
N−1
4 t1+(N−1)x; q)∞(q
3
4+
N−1
4 t1+(N−1)x−1; q)∞. (4.30)
In fact, we can show that the residue sum (4.28) is equal to the dual quarter-index (4.30) by employing
the q-binomial theorem (B.4).
Introducing a Wilson line Wn of charge n to the ( 1 N0 0 ) NS5′-D5 junction, the quarter-index takes
the form
IV(
1 N
0 0 )
N ′D+Wn =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis
N−1∏
k=1
1
(q
k
2 t2k; q)∞
(q
1
2 sx; q)∞(q
1
2 s−1x−1; q)∞
(q
N
4 tNs; q)∞(q
N
4 tNs−1; q)∞
sn. (4.31)
By taking the sum over residues at poles s = q
N
4 +mtN , we get
IV(
1 N
0 0 )
N ′D+Wn =
1
(q
1
2 t2; q)∞
N∏
k=1
1
(q
k
2 t2k; q)∞
(q
1
2+
N
4 tNx; q)∞(q
1
2−N4 t−Nx−1; q)∞
×
∞∑
m=0
(q
N
2 t2N ; q)m
(q)m
q
m
2 −Nm4 +nm+Nn4 t−Nm+Nnx−m
=
1
(q
1
2 t2; q)∞
N∏
k=1
1
(q
k
2 t2k; q)∞
(q
1
2+
N
4 tNx; q)∞(q
1
2+
N
4 +ntNx−1; q)∞
(q
1
2−N4 t−Nx−1; q)∞
(q
1
2−N4 +nt−Nx−1; q)∞
q
Nn
4 tNn
=
(q
1
2+
N
4 +ntNx−1; q)∞
(q
1
2+
N
4 tNx−1; q)∞
(q
1
2−N4 +nt−Nx−1; q)∞
(q
1
2−N4 +nt−Nx−1; q)∞
q
Nn
4 tNn · IV(
0 1
0 N )
N ′D (4.32)
where we have used the q-binomial theorem (B.4). We leave the analysis of duality involving the line
operators for future work.
4.2.4
(
2 3
0 0
)
and
(
0 2
0 3
)
Now consider the NS5′-D5 junction between two non-Abelian gauge groups.
A simple example is the ( 2 30 0 ) NS5
′-D5 junction. We describe it in the usual manner as a reduction
from U(3) to U(2) across the D5 interface and Neumann b.c. at the NS5′ junction, with an extra
fundamental Fermi multiplet for U(2) to cancel the anomaly.
Then the quarter-index for the ( 2 30 0 ) NS5
′-D5 junction is written as
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0 0 )
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2
(q)2∞
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2 s1x; q)∞(q
1
2 s−11 x
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2 t2s−12 x−1; q)∞
. (4.33)
The S-dual configuration is the ( 0 20 3 ) NS5
′-D5 junction.
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In fact we find that the quarter-index (4.33) for the ( 0 20 3 ) NS5
′-D5 junction matches with
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× (qt2x; q)∞(qt2x−1 : q)∞ · (q 32 t4x; q)∞(q 32 t4x−1; q)∞ (4.34)
which should be explained in terms of the regular Nahm poles for U(3) and U(2) gauge fields and
related boundary condition for the twisted bi-fundamental hypermultiplet.
4.2.5
(
2 4
0 0
)
and
(
0 2
0 4
)
As a next example, consider the ( 2 40 0 ) NS5
′-D5 junction.
The quarter-index for the ( 2 40 0 ) NS5
′-D5 junction is calculated as
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. (4.35)
For the S-dual ( 0 20 4 ) NS5
′-D5 junction, we can check that the quarter-index (4.35) for the ( 2 40 0 )
NS5′-D5 junction coincides with the following quarter-index for the ( 0 20 4 ) NS5
′-D5 junction
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× (q 54 t3x; q)∞(q 54 t3x−1; q)∞(q 74 t5x; q)∞(q 74 t5x−1; q)∞. (4.36)
4.2.6
(
3 4
0 0
)
and
(
0 3
0 4
)
The quarter-index for the ( 3 40 0 ) NS5
′-D5 junction is
IV(
3 4
0 0 )
N ′D =
1
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dsi
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)
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2 s−1i x
−1; q)∞
(q
1
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.
(4.37)
We find that the quarter-index for the ( 3 40 0 ) NS5
′-D5 junction coincides with the following the
quarter-index for the ( 0 30 4 ) NS5
′-D5 junction:
IV(
0 3
0 4 )
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× (qt2x; q)∞(qt2x−1; q)∞ · (q 32 t4x; q)∞(q 32 t4x−1; q)∞ · (q2t6x; q)∞(q2t6x−1; q)∞. (4.38)
45
4.2.7
(
N M
0 0
)
and
(
0N
0M
)
Now we would like to propose the generalization of the duality between the (N M0 0 ) NS5
′-D5 junction
and the ( 0 N0 M ) NS5
′-D5 junction with N < M .
The (N M0 0 ) NS5
′-D5 junction can be realized by adding the NS5′-brane to the D5-type interface
of U(N)|U(M). The initial U(N) × U(M) gauge symmetry is broken to U(N). Consequently, the
whole U(N) gauge symmetry is kept in half-space x2 > 0 and the broken part of the original U(M)
gauge theory gives contributions to the index. As the D5-type interface of U(N)|U(M) further ends
on the NS5′-brane, the 4d N = 4 U(N) gauge theory satisfies the Neumann boundary condition N ′.
In addition, the bosonic degrees of freedom in the broken part of the original U(M) gauge theory
remain at the junction and they transform as fundamental representation under the U(N) gauge
symmetry. The junction also has the fundamental Fermi multiplet that has fivebrane charge and
cancels the boundary gauge anomaly.
The resulting quarter-index for the (N M0 0 ) NS5
′-D5 junction takes the form
IV(
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)
∞
. (4.39)
For the ( 0 N0 M ) NS5
′-D5 junction, the D5-brane breaks the gauge symmetry. The local operators
from 4d N = 4 U(N) and U(M) gauge theories at the corner with boundary conditions N ′ and D
live at the junction. In addition, the junction contains the 3d N = 4 twisted hypermultiplets arising
from D3-D3 strings across the NS5′-brane. They may receive boundary conditions which are different
from the regular Dirichlet boundary conditions, because of the Nahm poles.
We expect that the quarter-index for the ( 0 N0 M ) NS5
′-D5 junction is given by
IV(
0 N
0 M )
N ′D =
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(
q
1+|N−M|
4 +
i
2 t|N−M |+2i−1x±; q
)
∞
(4.40)
and this coincides with the quarter-index (4.39) for the (N M0 0 ) NS5
′-D5 junction. The brane config-
uration is illustrated in Figure 5.
In order to understand the numerator factor, start from the N ×M matrix of twisted hypers with
Dirichlet boundary conditions and shift the fugacities according to the two regular Nahm poles. The
factors which have non-positive powers of t pair up with factors which have non-negative powers of
t, to give Fermi multiplet indices which we strip off. After specialization of the t fugacity this gives
the standard regular DS reduction of the û(N |M) Kac-Moody algebra.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
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2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
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ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
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I3d tHM
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si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge heories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
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2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
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)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
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2 t2; q)∞(q
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2 t−2; q)∞
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(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
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(1.33) 4duNu1_hindex3
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II4d U(1)|U(N)D =
(q)2
(q
1
2 ; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(
k+1
t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indice (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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This coincides with the half-index for D5-type interface between U(2) and U(3) gauge theories:
II4d U(3)|U(2)D =
1
2
(q)4∞
(q
1
2 t2; q)2∞(q
1
2 t−2; q)2∞
∮ 2∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(2)
× (q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
· (qs1; q)∞(qs
−1
1 ; q)∞
(q
1
2 t2s1; q)∞(q
1
2 t2s−11 ; q)∞
(qs2; q)∞(qs−12 ; q)∞
(q
1
2 t2s2; q)∞(q
1
2 t2s−12 ; q)∞
(1.36) 4 u2u3_hindex2
The half-indices (
4du2u3_hindex
1.35) and (
4du2u3_hindex2
1.36) can be expressed as
II4d U(2)|U(3)N ′ = II
4d U(3)|U(2)
D
=
(q)∞
(q
1
2 t2; q ∞︸ ︷︷ ︸
II4d U(1)D
∞∑
n=0
∞∑
m=0
q
2n+m
2 t−2(2n+m)
(q1+n; q)∞(q
3
2+nt2; q)∞
(q
1
2+nt2; q)∞(q1+nt4; q)∞
· (q
3
2+n+mt2; q)∞(q2+n+mt2; q)∞
(q1+n+mt4; q)∞(q
3
2+n+mt6; q)∞
(1.37) 4du2u3_hindex3
The half-index for NS5′-type interface between U(N) and U(M) gauge theories with N < M is
II4d U(N)|U(M)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ N+M∏
i=N+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
i=1
M∏
k=N+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
(1.38) 4duNuM_hindex
This will coincide with th half- ndex for D5-type interface betwe n U(N) and U(M) g uge theories:
II4d U(M)|U(N)D =
1
N !
(q)2N∞
(q
1
2 t2; q)N∞(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(N)
×
M−N∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(M − N)Nahm
·
N∏
i=1
(
q
M−N+1
2
+1
2 t2(
M−N+1
2 −1)si; q
)
∞
(
q
M−N+1
2
+1
2 t2(
M−N+1
2 −1)s−1i ; q
)
∞(
q
M−N+1
2
2 t2
M−N+1
2 si; q
)
∞
(
q
M−N+1
2
2 t2
M−N+1
2 s−1i ; q
)
∞
(1.39) 4duNuM_hindex2
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This coincides with the half-index for D5-type interface between U(2) and U(3) gauge theories:
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2
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2 t2; q)2∞(q
1
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∮ 2∏
i=1
dsi
2πisi
∏
i ̸=j
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si
sj
; q
)
∞
(
q sisj ; q
)
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q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(2)
× (q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
· (qs1; q)∞(qs
−1
1 ; q)∞
(q
1
2 t2s1; q)∞(q
1
2 t2s−11 ; q)∞
(qs2; q)∞(qs−12 ; q)∞
(q
1
2 t2s2; q)∞(q
1
2 t2s−12 ; q)∞
(1.36) 4du2u3_hi dex2
The half-indices (
4du2u3_hindex
1.35) and (
4du2u3_hindex2
1.36) can be xpressed as
II4d U(2)|U(3)N ′ = II
4d U(3)|U(2)
D
=
(q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
∞∑
n=0
∞∑
m=0
q
2n+m
2 t−2(2n+m)
(q1+n; q)∞(q
3
2+nt2; q)∞
(q
1
2+nt2; q)∞ q1+nt4; q)∞
· (q
3
2+n+mt2; q)∞(q2+n+mt2; q)∞
(q1+n+mt4; q)∞(q
3
2+n+mt6; q)∞
(1.37) 4du2u3_hindex3
The half-index for NS5′-type interface between U(N) and U(M) gauge theories with N < M is
II4d U(N)|U(M)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ N+M∏
i=N+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
i=1
M∏
k=N+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
(1.38) 4duNuM_hindex
This will coincide with the half-index for D5-type interface between U(N) and U(M) gauge theories:
II4d U(M)|U(N)D =
1
N !
(q)2N∞
(q
1
2 t2; q)N∞(q
1
2 t−2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(N)
×
M−N∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(M − N)Nahm
·
N∏
i=1
(
q
M−N+1
2
+1
2 t2(
M−N+1
2 −1)si; q
)
∞
(
q
M−N+1
2
+1
2 t2(
M−N+1
2 −1)s−1i ; q
)
∞(
q
M−N+1
2
2 t2
M−N+1
2 si; q
)
∞
q
M−N+1
2
2 t2
M−N+1
2 s−1i ; q
)
∞
(1.39) 4duNuM_hindex2
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Note that the fundamental and anti-fu damental representations have the same contributions to
the ’t Hooft anomalies. While gaug anomaly cancellation is required for consistent gauge theory,
global symmetry m y be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomo phic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to he affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector ssoci ted CFT depending on the sign of the anomaly coefficient Af.
**TODO: C ck th Abelian anomalies. In
Mohri:1997ef
[11] the theories o D1-branes at singularities the
n n-vanishing Abelian gauge anomalies are shown to be cancelled by a generaliz d Green-Schwarz
mechanism. I
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditio s in 3d N = 2 theory, the anomaly coefficient also
rec ives c ntribution from bulk field . They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
ubsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theori s. I this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge t e ries. We c n ider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
rat d by l ft- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB sup rstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes i (x0, x1, x2, x3, x4, x5) directions, D5-branes
with w rld-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes shar the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-bran s in the (x2, x6) irections. According to the Kaluza-Klein reduction in
these wo direction , the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
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Figure 5: The
(
N M
0 0
)
and
(
0N
0M
)
NS5′-D5 junction.
Again the quarter-index of the ( 0 N0 M ) NS5
′-D5 junction has the following expansion:
IV(
0 N
0 M )
N ′D =
N∏
k=1
1
(q
k
2 t2k; q)∞
M∏
l=1
1
(q
k
2 t2k; q)∞
× 1
(q)
2 min(N,M)
∞
min(N,M)∏
i=1
∞∑
ni=0
ni∑
ki=0
(q1+ki ; q)∞(q1+ni−ki ; q)∞
× (−1)nix2ki−nit(|N−M |+2i−1)niq ni(ni−1)2 +ki(ki−ni)+ (1+|N−M|)ni4 + ini2 . (4.41)
We see that the first term in the sum is identified with the product of the quarter-indices IV(
N 0
0 0 )
N ′D
and IV(
0 M
0 0 )
N ′D which will be realized by giving a vev to the fundamental hypermultiplet.
4.3
(
N N
N N
)
Now we would like to study the NS5′-D5 junction with all quadrants occupied by the equal numbers
of D3-branes (see Figure 8). This type of junctions is self S-dual so that there is no non-trivial identity
without additional line defects.
4.3.1
(
1 1
1 1
)
Let us start with the ( 1 11 1 ) NS5
′-D5 junction. We have two 4d N = 4 U(1) gauge theories living
respectively in x2 > 0 and in x2 < 0. For each of the U(1) gauge theories, there is the 3d N =
4 charged hypermultiplet at the D5 interface. The NS5′-brane requires the Neumann boundary
condition N ′ for the 4d N = 4 U(1) gauge theories, and the Neumann boundary condition for the
3d N = 4 charged hypermultiplets. In addition, there are charged Fermi multiplets which cancel the
boundary gauge anomalies and the 3d N = 4 bi-fundamental twisted hypermultiplet arising from
the D3-D3 strings across the NS5′-brane. The Fermi multiplet fugacities are such as to allow cubic
fermionic superpotential couplings to the hypers and twisted hypers.
47
We then obtain the quarter-index for the ( 1 11 1 ) NS5
′-D5 junction
IV(
1 1
1 1 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds1
2piis1︸ ︷︷ ︸
II4d U(1)N′
(q)∞
(q
1
2 t2; q)∞
∮
ds2
2piis2︸ ︷︷ ︸
II4d U(1)N′
×
(
q
1
2 s2x; q
)
∞
(
q
1
2 s−12 x
−1; q
)
∞
(q
1
4 ts1x; q)∞(q
1
4 ts−11 x−1; q)∞︸ ︷︷ ︸
II3d HMN (s1x)·F (q
1
2 s2x)
(
q
1
2 s1x
−1; q
)
∞
(
q
1
2 s−11 x; q
)
∞
(q
1
4 ts2x−1; q)∞(q
1
4 ts−12 x; q)∞︸ ︷︷ ︸
II3d HMN (s2x−1)·F (q
1
2 s1x−1)
×
(
q
3
4 t s1s2 ; q
)
∞
(
q
3
4 t s2s1 ; q
)
∞(
q
1
4 t−1 s1s2 ; q
)
∞
(
q
1
4 t−1 s2s1 ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
s1
s2
)
. (4.42)
A few observations are in order. First of all, we now have potential poles in the x fugacity.
They can potentially appear from situations where two poles in the integrand pinch the contour of
integration. The corresponding gauge-invariant operators would combine a bi-fundamental twisted
hypermultiplet with the two fundamental hypers. These potential poles, though, are precisely can-
celled by the Fermi multiplet zeroes because of our choice of Fermi multiplet fugacities.
Physically, the cubic fermionic superpotential couplings between Fermi’s, hypers and twisted
hypers constrain the potential vevs of the scalar fields. For example, if the twisted hypers get a vev it
means that the D3-branes on the two sides of the NS5′ interface are glued together and separated from
the NS5′-brane. That means the fundamental hypers on the two sides of the NS5′ interface should
also be glued together instead of having Neumann b.c. This is enforced by the Fermi couplings.
Similarly, if the fundamental hypers are given a vev, breaking the D3-branes across the D5 interface,
then the twisted hypers should effectively be split across the D5 interface as well and receive Dirichlet
b.c. there. Again, this is enforced by the Fermi couplings.
We can express the quarter-index (4.42) as
IV(
1 1
1 1 )
N ′D =
(q
1
2 t−2; q)∞
(q)4∞(q
1
2 t2; q)∞
(q
1
4 t−1x±2; q)2∞
∞∑
n=0
∞∑
m=0
∞∑
k=0
∞∑
l=0
× (q
1+n; q)∞(q1+k; q)∞(q1+m; q)∞(q1+m+n−k; q)∞(q1+l; q)2∞
(q
1
4+nt−1x−2; q)∞(q
1
4+kt−1x2; q)∞(q
1
4+mt−1x2; q)∞(q
1
4+m+n−kt−1x−2; q)∞(q
1
2+lt−2; q)2∞
× q 3n4 − k4+m2 + l2+(n−k)ltn+k+2m+2lx2n−2k (4.43)
This is obtained by picking up the residues at twisted hypermultiplet poles s1s2 = q
1
4+lt−1. The first
term in the sum is the 4d U(1) index I4d U(1). We expect this expression to be associated to a Higgsing
process detaching the fivebranes from the D3-brane (see Figure 6).
Making use of of the summation formula (2.43) for the full-index of 3d N = 4 twisted hypermul-
tiplet, we can expand the quarter-index (4.42) as
IV(
1 1
1 1 )
N ′D =
1
(q)2∞(q
1
2 t2; q)2∞
(q
1
4 t−1x2; q)∞(q
3
4 tx−2; q)∞︸ ︷︷ ︸
F (q
1
4 t−1x2)
(q
1
4 t−1x−2; q)∞(q
3
4 tx2; q)∞︸ ︷︷ ︸
F (q
1
4 t−1x−2)
×
∞∑
n=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞
(q
1
2+kt2; q)∞(q
1
2+n−kt2; q)∞
(q
3
4+n−2ktx2; q)∞
(q
1
4+2k−nt−1x−2; q)∞
(q
3
4+2k−ntx−2; q)∞
(q
1
4+n−2kt−1x2; q)∞
q
n
4 t−nx4k−2n.
(4.44)
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
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gauge multiplet N b.c. adjoint −N
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In
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gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figur
f g_singlebox
13). From the dic ionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the number ending from the left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
28
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. T en the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
upersymmetric gauge theor es. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 an space coordinates 1, · · · , x9. Let QL and QR e the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = Q , ΓQR = QR where Γ = Γ0 · · ·Γ9.
We i troduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-br nes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All th branes share the (x0, x1) directions. We will consider the cas in which the D3-branes a e
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dictionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes in roduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3- ranes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane fro the right minus the number ending from the left while the other is
the that of D3-branes en ing o the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes ith non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
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Without any matter content, (0, 4) U(N) vec or multiplet is anomalous.
To obtain gauge anomaly free theory from n n-periodic configuration, one c n dd adjacent D3-
branes in (x2, x6) plane. et nTL, nT , nTR, nL, nR, nBL, nB , nBR be th numbers of D3-branes
displac d in t e nei hboring infinite regi ns in top-left, top, top-right, left, right, bot om-left, bottom
and bottom-righ (se Figure
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13). From the dictionary (
ic_ ox
3.37) of br n box, o zontal y aligned nL
and nR D3-branes i troduce L and R (0,4) fundamental hyp multiplets, v rtically aligned nT nd
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nTL, nTR, b and nBR D3-branes lead to nTL, nTR, a d BR (0, 2) fundamental Fe mi multiplets.
Accordi g to the omaly c tributio (
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1.40), we fin f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + B)− 1
4
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4.2 Bran ordering
subs c_04ineq
W w ll define a pair of net numbers of D3-branes e d ng on a 5-bra . One is th n mber of D3-
branes e ding on the 5-brane from th right i us th number e ding fr m the f while the other is
he that of D3-bra es e ding on the 5-brane from the top minus th number ending from he bottom.
1. Any D5-branes with non-zero net numbers of D3-b anes are l cated on the right hand of all the
NS5-branes and any D5′-branes with no -zero net numbers of D3-b anes ar on the top of all
the NS5′-branes. This constraint requires that we should firs ly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and red ced ga ge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. W impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from b t m to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve xtra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a simila constraint o the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constr int on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
H ≥ 2N, T ≥ 2N (4.2) 04scft_constraint
where NH is th number o (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditi ns are ob yed at each node, the (0, 4) quiv r gaug theories
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here NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
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constraint is imposed in
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[13] for NS55- and D5-branes. W impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from b t m to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve xtra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a simila constraint o the linking numbers of
additional 5-branes. Following the same line in
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[13], this constr int on a pair of two NS5-branes
leads to conditions in 0, 4) U(N) gauge theory:
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will be good or balanced.
28
N te that the fundamental an an i-fundamental representations have t e same contribution to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f ca be holomorphic or nti-h lomorphic, i. . left- r right-moving. T en the corresp ndin gl bal
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holo orphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theori s on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a g neral zed Green-Schwarz
mechanism. In
Gadde:2013 xa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 heory, the anomaly coeffici nt also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chir l multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 B ne configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3 branes and 5-branes we e sed to co struct 3d N = 4 supersym etric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
upersymmetric gauge theor es. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 an space coordinates 1, · · · , x9. Let QL and QR e the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = Q , ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) dir ctions, D5-br nes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-bra es in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All th b anes share the (x0, x1) di ections. We will consider the cas n whi h the D3-bra es a e
bounded by all the 5-branes in the (x2, x6) directions. According to he Kaluza-Klei reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f c n be holomorphic or ti-hol morphic, i.e. left- or right-mov ng. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
an i-holomorphic sector of the as ociated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at si gularities the
no -vanishing Abe ian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropri te atter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multipl t D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
djoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) bra e box model
subsec_ 3box
2.1 Brane configurations
ubsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configur tions of D3-branes and 5-branes were used to onstruct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring th ory in Minkowski spacetime
with time oordinate x0 a d space coordi tes x1, · · · , x9. Let QL nd QR be the supercharges gen-
erated by left- a d right-moving world-sheet degre s of reedom. Th y satisfy th chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5- rane with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, 1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the bra es share the (x0, x1) directions. We will consider the case in which the D3-branes are
b unded by all the 5-b anes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anom lies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may e nomalous. In the IR, t e current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
a ti-holom rphic sector of the ass ci ted CFT ependi g o the si n of the anomaly coefficient Af.
**TODO: Check th Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishi g Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] he addi ion of appropria e matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. Th y have half of the con ributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 ultiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! r ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiple D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) bra e box model
subsec_d3box
2.1 Brane co figurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
sup rsymmetric gauge theories. We consi r Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring the ry: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volume in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dime sional.
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Figure 13: Single box f N D3-branes d eight typ s of D3-branes with infinite extent.
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cc u t the (0, 4) boundary conditions in s s ction
subsec_04BC1
2.2.1, his leads to (0, 4) U(N) vector multiplet.
Without any matt r content, (0, 4) U(N) vector multiplet is anomalous.
T ob ain gauge a maly free t eory f om on-perio ic configuration, one can add adjacent D3-
branes i (x2, x6) pla e. et T T T , L, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the eighboring infi ite regions in top-left, t p, top right, left, right, bottom-left, bottom
a d b tt -righ (s e Figure
fig_singl box
13) From the dic i ary (
dic_box
3.37) of brane box, horizontally aligned nL
D3-bra es intro uce L and nR (0 4) fundament hypermultipl ts, vertically aligned nT and
nB D3-b nes provide nT an nB (0, 4) fundamen al twisted hypermul iplets, and diagonally aligned
nTL TR, b and BR D3-branes lead to TL, TR, b and BR (0, 2) fundamental Fermi multiplets.
A cord ng t the no aly cont b tion (
t_Anom2a
1.40), we fi f2su(N) gauge a omaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + BR). (4.1) brane_anomalry_sun
4.2 Bra e orderi g
subsec_04i eq
W ill d fin pa r of net nu be s f D3-branes e di g o a 5-brane. One is the number of D3-
bran s e ding on he 5-bran fro the ight minus number e d ng from the left while the other is
tha of D3-bran s ending n the 5-brane from the top minus t number ending from the bottom.
1. A y D5-branes with non-z r net numbers f D3-branes re l cated on the right hand of all the
NS5-bra es a d any D5′-branes with on-zero et numbers of D3-branes are on the top of all
th NS5′-br nes. T is constraint quir s th t we s ould firstly meet the data which c n ot be
describ d by 2d ga ge theory, i.e. Nahm pole ρ : s (2)→ g and reduced gauge group H. This
constrai t is imposed in
Gaio to:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking umbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-bra e, the moduli spac of solutions to Nahm equation would
involve xtra d coupled 3d N = 4 hypermultiplets. As N hm pole boundary conditions are
imposed fr m D5′-brane
Chung:2016pgt
[14], we also mp se a si ilar constraint n the linking numbers of
additional 5-branes. Following the a e line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermult pl t and NT is that of (0, 4) twisted
ypermultiplets. When t ese conditions ar ob yed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
28
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Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
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accou t the (0, 4) bou dary condi ions in subsection
subsec_04BC1
2.2.1, this le ds to (0, 4) U(N) vector multiplet.
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the NS5′-branes. This constraint requires tha we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
c nstraint is impose in
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[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
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2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-br ne, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-bra es
leads to conditions in (0, 4) U(N) gauge theory:
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where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
28
Figure 13: Single box f N D3-branes d eight typ s of D3-branes with infinite extent.
fig_singlebox
acc u t he (0, 4) bou dary condi ions in subsectio
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector ultiplet.
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subsec_04ineq
W ill d fine pair of net nu be s f D3-branes e di g o a 5-brane. One is the number of D3-
bran s e ding on he 5-bran fro the ight minus number e ding from the left while the other is
tha of D3-branes ending n the 5-brane from the top minus t e number ending from the bottom.
1. A y D5-branes with non-z r et numbers f D3-bran s re l cated on the right hand of all the
NS5-bra es a d any D5′-branes with on-zero et numbers of D3-bra es are on the top of all
th NS5′-br nes. This constraint quir s th t we should firstly meet the data which cannot be
describ d by 2d gauge theory, i.e. Nahm pole ρ : s (2)→ g and reduced gauge group H. This
constrai t is impos d in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking umbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is sati fied f r D5-bra e, the moduli spac of s lutions to Nahm equation would
involve xtra d co pled 3d N = 4 hypermultiplets. As N hm pole boundary conditions are
imposed fr m D5′-brane
Chung:2016pgt
[14], we also imp se a similar constraint n the linking numbers of
additional 5-branes. Following the ame line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
ypermul iplets. When t ese conditions ar ob yed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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Figure 13: Si gl box of N D3-bran s and ight types of D3-branes with infinite extent.
fig_singleb x
account the (0, 4) bou dary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter conte t, (0, 4) U(N) vector ultiplet is anomalous.
To btain gauge an maly f ee the ry from non-pe iodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, L, R, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring i finite regions in top-left, op, top-right, lef , right, bottom-left, bottom
and bottom-right (s Figure
fig_si l box
13). From the dictionary (
dic_box
3.37) of brane box, horizontally aligned nL
nd nR D3-br es introduce nL nd nR (0,4) fundamental hypermultiplets, vertic lly aligned nT and
nB D3-branes provide nT an nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
Accordi g to the anomaly contri uti (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + T + nB)
1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 B ane ordering
subsec_04ineq
W will d fine a pair of n t numb rs of D3-bran s nding on a 5-brane. One is the number f D3-
bran s nding on the 5-bra e f om the right minus th number ding from e lef while he other is
e tha of 3-branes nding the 5-bra e fr m the t p minu th numb r ending from bottom.
1. Any D -branes wit non-zero net numb rs of D3-branes are located on the right and of all th
NS5-branes an any D5′-branes with non-zero net numbers of D3-branes re on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which ca not be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
c nstr in is i pose in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-br n s.
2. The linking numbers are nondecreasing f om left to right and from bottom to top. Unless this
cons raint is satisfied for D5-br ne, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary c nditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
here NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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Figure 7: Higgsing procedure corresponding to the deformations of the
(
1 1
1 1
)
NS5′-D5 junction, which
results in a pair of
(
1 0
1 0
)
and
(
0 1
0 1
)
NS5′-D5 junctions. The associated expansion of the quarter-
index egi s with the fourt power of the quarter-ind x IV4d U(1)N ′D a d the square of the half-index
II3d tHMD (x2).
This expansion would be compatible with the IR description associated to the Higgsing procedure
of giving vevs to the fu damental hypers. The first term in the sum consi ts of the fourth power of
the quarter-index IV4d U(1)N ′D and the square of the half-index II
3d tHM
D (x
2) of the Dirichlet boundary
condition D for 3d N = 4 twisted hypermultiplet, which indicates that a single D3-brane decompose
into a pair of semi-i finit D3-branes in x6 < 0 and x6 > 0 along he fivebrane, as depicted in Figure
7.
Upon specialization of the t fugacity, the contour integral expression of the index matches the
naive character of an û(1|1)-BRST reduc ion of û(1|1) × û(1|1) × Ff(1|1)×(1|1): combi ation of a
complex fermion and a pair of symplectic bosons gives a vert x algebra Ff(1|1) which has an û(1|1)
sub-algebra with level ±1 depending on the choice of Grassmann parity of the fie ds; the BRST
complex involves two c pies of this algebra, with opposite levels, which we denote as Ff(1|1)×(1|1).
We say “naive character” because aft special za ion of t we have dangero s nu era or factors,
associated to zeromodes of the super-ghosts. The calculation of the character of the VOA requires
49
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
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q
1
2 t2 sisj ; q
)
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II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge heories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
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2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
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)
∞
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si
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)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
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2 t2(
N
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N
2
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2 t2(
N
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(q
N
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2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. T en the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 an space coordinates 1, · · · , x9. Let QL and QR e the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
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(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
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(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4 u4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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1
N !
(q)N∞
q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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(1.32) 4duNu1_hindex2
The half-indices (
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1.28) and (
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1.29) will be expressed as
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This coincides with the half-index for D5-type int rface between U(1) and U(4) gauge theories:
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(1.29) 4du4u1_hindex2
The half-indices (
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(
1
2+nt ; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type int rface between U(N) ga ge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will co ncide with the half-index for D5-type int rface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface betwee U(1) nd U(4) gaug theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t ; q)∞(q2t4; )∞
(q
1
2 t2; q) (qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t ; q)∞(q2t4; q)∞
(q
1
2 t2; q) (qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(
5
2+nt6; q)∞
(
1
2+nt ; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will co ncide with the half-index for D5-type interface betwee U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du u1_hindex
1.28) and (
u4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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Figure 8: The self S-dual
(
N N
N N
)
NS5′-D5 junction.
some form of regularization, and we claim that taking the t specialization after computing the contour
integral is a good choice of regularization.
4.3.2
(
N N
N N
)
For the (N NN N ) NS5
′-D5 junction, there are two 4d N = 4 U(N) gauge theories living in x2 > 0 and in
x2 < 0. Each of the U(N) gauge theories couples to the 3d N = 4 fundamental hypermultiplet at the
D5-brane defect. At the NS5′-brane interface, the 4d N = 4 U(N) gauge theories receive Neumann
boundary condition N ′ and the 3d N = 4 fundamental hypermultiplets receive Neumann boundary
condition N ′. The setup also includes fundamental Fermi multiplets which cancel boundary gauge
anomaly [16] and the 3d N = 4 bi-fundamental twisted hypermultiplet corresponding to the D3-D3
strings across the NS5′-brane.
We find the following quarter-index for the (N NN N ) NS5
′-D5 junction:
IV(
N N
N N )
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ 2N∏
i=N+1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
×
N∏
i=1
(
q
1
2 six; q
)
∞
(
q
1
2 s−1i x
−1; q
)
∞
(q
1
4 tsix; q)∞(q
1
4 ts−1i x−1; q)∞︸ ︷︷ ︸
II3d HMN (six)·F (q
1
2 six)
2N∏
i=N+1
(
q
1
2 six
−1; q
)
∞
(
q
1
2 s−1i x; q
)
∞
(q
1
4 tsix−1; q)∞(q
1
4 ts−1i x; q)∞︸ ︷︷ ︸
II3d HMN (six−1)·F (q
1
2 six−1)
×
N∏
i=1
2N∏
k=N+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
. (4.45)
4.4
(
N M
L 0
)
Consider the (N ML 0 ) NS5
′-D5 junction with three out of four quadrants filled by D3-branes.
4.4.1
(
1 1
2 0
)
and
(
2 1
0 1
)
Let us begin with the ( 1 12 0 ) NS5
′-D5 junction. In the half-space x2 > 0, there is a 4d N = 4 U(1)
gauge theory with the Neumann boundary condition N ′ at x2 = 0 and the 3d N = 4 charged
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hypermultiplet with the Neumann boundary condition N ′. The 4d N = 4 U(2) gauge theory in
the lower left quadrant obeys the Neumann boundary condition N ′ and the Nahm pole boundary
condition specified by an embedding ρ : su(2) → u(2). There are also local operators from D3-D3
string across the NS5′-brane as the 3dN = 4 twisted hypermultiplet obeying the Nahm pole boundary
condition.
The quarter-index for the ( 1 12 0 ) NS5
′-D5 junction reads
IV(
1 1
2 0 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1(
q
1
4 ts; q
)
∞
(
q
1
4 ts−1; q
)
∞︸ ︷︷ ︸
II3d HMN (s)
(qt2s±x∓; q)∞
1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
. (4.46)
Picking up poles from the fundamental hypermultiplet at s = q
1
4+mt, we find that
IV(
1 1
2 0 )
N ′D =
(q
3
4 tx; q)∞(q
1
4 t−1x−1; q)∞
(q)∞(q
1
2 t2; q)2∞(qt4; q)∞
∞∑
m=0
(q1+m; q)∞(q
5
4+mt3x−1; q)∞
(q
1
2+mt2; q)∞(q
1
4+mt−1x−1; q)∞
q
3m
4 tmxm. (4.47)
The first term in the series (4.47) is the product of three quarter-indices IV4d U(1)N ′D , IV
4d U(1)
N ′D and
IV4d U(2)N ′Nahm corresponding to the three separate corners together with the extra fermionic contribu-
tions (q
3
4 tx; q)∞ (q
5
4 t3x−1; q)∞ living at the junction. Presumably, this expansion is associated to a
Higgsing procedure separating these three corners.
Alternatively, we can expand the integral in (4.46) as
IV(
1 1
2 0 )
N ′D =
(q
3
4 tx; q)∞(q
3
4 tx−1; q)∞
(q)∞(q
1
2 t2; q)2∞(qt4; q)∞
∞∑
n=0
(q1+n; q)2∞
(q
3
4+ntx; q)∞(q
3
4+ntx−1; q)∞
q
n
2 t2n. (4.48)
The sum starts from the product of the half-index II4d U(1)N ′ of Neumann b.c. N ′ for 4d N = 4 U(1)
gauge theory and the quarter-index IV4d U(2)N ′Nahm. It should also have a Higgsing interpretation.
The S-dual ( 2 10 1 ) NS5
′-D5 junction also has a 4d N = 4 U(1) gauge theory in x2 > 0 with the
Neumann boundary condition N ′ while a U(2) gauge symmetry in the upper right corner is broken
to U(1) at the interface. There is no 3d N = 4 hypermultiplet since the number of D3-branes jumps
when crossing the D5-brane. The 4d N = 4 U(1) gauge theory in the lower right corner satisfies
the Neumann boundary condition N ′ and Dirichlet boundary condition D. In addition, there are
contributions from the 3d N = 4 twisted hypermultiplet obeying the Dirichlet boundary condition
D.
We obtain the quarter-index for the ( 2 10 1 ) NS5
′-D5 junction
IV(
2 1
0 1 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
1
(q
1
2 t2s±x∓; q)∞
(q
3
4 ts±; q)∞︸ ︷︷ ︸
II3d tHMD (s)
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
. (4.49)
We see that the quarter-index (4.46) for the ( 1 12 0 ) NS5
′-D5 junction agrees with the quarter-index
(4.49) for the ( 2 10 1 ) NS5
′-D5 junction.
The contour integral in (4.49) can be evaluated by taking the sum of residues at poles s = q
1
2+mt2
IV(
2 1
0 1 )
N ′D =
(q
1
4 t−1x−1; q)∞(q
3
4 tx; q)∞
(q)∞(q
1
2 t2; q)∞
∞∑
m=0
(q1+m; q)∞(q
5
4+mt3x; q)∞
(q1+mt4; q)∞(q
3
4+mtx; q)∞
q
m
4 t−mx−m. (4.50)
This begins with the product of the three quarter-indices IV4d U(1)N ′D , IV
4d U(1)
N ′D , IV
4d U(2)
N ′Nahm for three
corners and the extra fermionic contributions (q
1
4 t−1x−1; q)∞ (q
5
4 t3x; q)∞ appearing at the junction.
It should also have a Higgsing interpretation.
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On the other hand, we have another expression of the quarter-index (4.49) as
IV(
2 1
0 1 )
N ′D =
(q
1
4 t−1x; q)∞(q
1
4 t−1x−1; q)∞
(q)∞(q
1
2 t2; q)3∞
∞∑
n=0
(q1+n; q)2∞
(q
1
4+nt−1x; q)∞(q
1
4+nt−1x−1)
qnt4n. (4.51)
In contrast to the expansion (4.50), this sum has the first term as the product of the half-index
II4d U(1)N ′ and the square of the quarter-index IV
4d U(1)
N ′D . It should also have a Higgsing interpretation.
4.4.2
(
1 1
N 0
)
and
(
N 1
0 1
)
Now consider the ( 1 1N 0 ) NS5
′-D5 junction which may include a Wilson line Wn of charge n. 11 The
quarter-index reads
IV(
1 1
N 0 )
N ′D+Wn =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
4 ts±; q)∞
(q
1
2+
N
4 tNs±x±; q)∞
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IVN′D/Nahm
sn. (4.52)
Evaluating the integral by taking the sum of residues at poles s = q
1
4+mt, we obtain
IV(
1 1
N 0 )
N ′D+Wn =
1
(q)∞(q
1
2 t2; q)∞
N∏
k=1
1
(q
k
2 t2k; q)∞
(q
3
4−N4 t−N+1x; q)∞(q
1
4+
N
4 tN−1x−1; q)∞
×
∞∑
m=0
(q1+m; q)∞(q
3
4+
N
4 +mtN+1; q)∞
(q
1
2+mt2; q)∞(q
3
4−N4 +mt−N+1; q)∞
q
m
4 +
Nm
4 +nm+
n
4 t(N−1)m+n. (4.53)
The first term in the sum includes the product of quarter-indices IV(
1 0
0 0 )
N ′D , IV
( 0 10 0 )
N ′D , and IV
( 0 0N 0 )
N ′D along
with the extra fermionic contributions (q
3
4+
N
4 tN+1x; q)∞ (q
1
4+
N
4 tN−1x−1)∞ which do not behave as
the N = (0, 2) Fermi multiplet. The associated Higgsing procedure is the splitting of the ( 1 1N 0 )
NS5′-D5 junction into the three pieces; ( 1 00 0 ), ( 0 10 0 ), and (
0 0
N 0 ) NS5
′-D5 junctions.
We can also expand the integral in (4.52) as
IV(
1 1
N 0 )
N ′D+Wn =
(q
1
4+
N
4 tN−1x±; q)∞
(q)∞(q
1
2 t2; q)∞
N∏
k=1
1
(q
k
2 t2k; q)∞
∞∑
m=0
(q1+m; q)∞
(q
1
4+
N
4 +mtN−1x±; q)∞
q
m
2 −n4 t2m−n. (4.54)
Unlike the residue sum (4.53), the first term for n = 0 in the expression (4.54) is the product of the
half-index II4d U(1)N ′ of the Neumann b.c. N ′ for 4d N = 4 U(1) gauge theory and the quarter-index
IV4d U(N)N ′D/Nahm. The sum (4.54) will correspond to the decomposition (
1 1
N 0 ) → ( 1 10 0 ) ⊕ ( 0 0N 0 ) of the
NS5′-D5 junction.
Next consider the S-dual (N 10 1 ) NS5
′-D5 junction with a Wilson line Wn of charge n. We can
express the quarter-index as the contour integral
IV(
N 1
0 1 )
N ′D+Wn =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis
N−1∏
k=1
1
(q
k
2 t2k; q)∞
1
(q
N
4 tNs±x∓; q)∞
(q
3
4 ts±; q)∞
1
(q
1
2 t2; q)∞
sn.
(4.55)
It is calculated as the sum of residues at s = q
N
4 +mtNx
IV(
N 1
0 1 )
N ′D+Wn =
1
(q)∞(q
1
2 t2; q)2∞
N−1∏
k=1
1
(q
k
2 t2k; q)∞
(q
1
4+
N
4 tN−1; q)∞(q
3
4−N4 t1−N ; q)∞
×
∞∑
m=0
(q1+m; q)∞(q
N
4 +
3
4+mtN+1; q)∞
(q
N
2 +mt2N ; q)∞(q
1
4+
N
4 +mtN−1; q)∞
q
3m
4 −Nm4 +nm+Nn4 t(1−N)m+Nn. (4.56)
11We can take n = 0 when the Wilson line is turned off.
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The residue sum (4.56) begins with the product of three quarter-indices IV4d U(1)N ′D , IV
4d U(1)
N ′D and
IV4d U(N)N ′D/Nahm as well as the extra fermionic factors (q
3
4−N4 t1−N ; q)∞ (q
N
4 +
3
4 tN+1; q)∞. This is com-
patible with the Higgsing process as the division of the of the NS5′-D5 junction: (N 10 1 ) → (N 00 0 ) ⊕
( 0 10 0 ) ⊕ ( 0 00 1 ).
The quarter-index (4.55) can be also expressed as
IV(
N 1
0 1 )
N ′D+Wn =
(q
3
4−N4 t1−Nx±; q)∞
(q)∞(q
1
2 t2; q)2∞
N−1∏
k=1
1
(q
k
2 t2k; q)∞
∞∑
m=0
(q1+m; q)2∞
(q
3
4−N4 +mt1−Nx±; q)∞
q
Nm
2 −Nn4 t2Nm−Nnx−n.
(4.57)
The first term in the sum can be factorized as the product of the half-index II4d U(1)N ′ of the Neumann
b.c. N ′ for 4d U(1) gauge theory, the quarter-indices IV4d U(1)N ′D and IV4d U(N − 1)N ′D/Nahm . Thus the sum is
associated to the Higgsing procedure which leads to the splitting (N 10 1 ) → ( 1 10 0 ) ⊕
(
N−1 0
0 0
) ⊕ ( 0 00 1 )
of the NS5′-D5-junction.
In the absence of the Wilson lines, i.e. n = 0, the quarter-indices (4.52) and (4.55) coincide, as
in the equivalence between (4.46) and (4.49). This amounts to a transformation formula for a basic
hypergeometric series:
1
(q
N
2 t2N ; q)∞
∞∑
m=0
(
q1+m; q
)
∞
(
q
3
4+
N
4 +mtN+1; q
)
∞(
q
1
2+mt2; q
)
∞
(
q1−(
1
4+
N
4 )+mt−(N−1); q
)
∞
q
1
4+
N
4 t(N−1)m
=
1
(q
1
2 t2; q)∞
∞∑
m=0
(
q1+m; q
)
∞
(
q
3
4+
N
4 +mtN+1; q
)
∞(
q
N
2 +mt2N ; q
)
∞
(
q
1
4+
N
4 +mtN−1; q
)
∞
q[1−(
1
4+
N
4 )]t−(N−1)m. (4.58)
In the presence of the Wilson lines, i.e. n 6= 0, the quarter-indices (4.52) and (4.55) do not coincide,
of course, as S-duality would match them to indices involving a ’t Hooft line. Again we leave the
duality involving the line operators for future work.
4.4.3
(
2 1
3 0
)
and
(
3 2
0 1
)
Next consider the ( 2 13 0 ) NS5
′-D5 junction. It contains a 4d N = 4 U(1) gauge theory with the
Neumann boundary condition N ′ at x2 = 0 and bosonic local operators coming from the broken
U(2) gauge theory. The 4d N = 4 U(3) gauge theory in the lower left quadrant obeys the Neumann
boundary condition N ′ and the Nahm pole boundary condition characterized by a homomorphism
ρ : su(2) → u(3). There are also local operators from the 3d N = 4 twisted hypermultiplet obeying
the Nahm pole boundary condition.
We find the quarter-index for the ( 2 13 0 ) NS5
′-D5 junction
IV(
2 1
3 0 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
1
(q
1
2 t2s±x∓1 ; q)∞
(q
5
4 t3s±x∓2 ; q)∞
× 1
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
IV4d U(3)N′Nahm
(q
5
4 t3x±1 x
∓
2 ; q)∞. (4.59)
Here the same contributions as in (4.26) appear in the last line, which we found for the ( 1 03 0 ) NS5
′-D5
junction.
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The quarter-index (4.59) can be calculated as the sum of residues at poles s = q
1
2+mt2x1
IV(
2 1
3 0 )
N ′D =
(q
5
4 t3x±1 x
∓
2 ; q)∞
(
q
3
4 tx2x1 ; q
)
∞
(
q
1
4 tx1x2 ; q
)
∞
(q)∞(q
1
2 t2; q)3∞(qt4; q)∞(q
3
2 t6; q)∞
×
∞∑
m=0
(q1+m; q)∞
(
q
7
4+mt5 x1x2 ; q
)
∞
(q1+mt4; q)∞
(
q
1
4+mt−1 x1x2 ; q
)
∞
q
3m
4 tmx−m1 x
m
2 . (4.60)
The sum in (4.59) starts from the product of three quarter-indices IV4d U(1)N ′D , IV
4d U(2)
N ′Nahm, IV
4d U(3)
N ′Nahm
and the extra fermionic factors (q
5
4 t3x±1 x
∓
2 ; q)∞
(
q
7
4 t5 x1x2 ; q
)
∞
(
q
3
4 tx2x1 ; q
)
∞
.
We can also expand the quarter-index (4.59) as
IV(
2 1
3 0 )
N ′D =
(q
5
4 t3x±1 x
∓
2 ; q)∞(q
3
4 tx±1 x
∓
2 ; q)∞
(q)∞(q
1
2 t2; q)3∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
m=0
(q1+m; q)2∞
(q
3
4+mtx±1 x
∓
2 ; q)∞
qmt4m. (4.61)
The first term in the sum takes the form of the product of the half-index II4d U(1)N ′ of the Neumann
b.c. N ′ for 4d N = 4 U(1) gauge theory surviving in x2 > 0 and two quarter-indices IV4d U(1)N ′D ,
IV4d U(3)N ′Nahm as well as the factor (q
5
4 t3x±1 x
∓
2 ; q)∞ associated to the Nahm pole of rank 3 for 3d N = 4
twisted hypermultiplet.
The ( 2 13 0 ) NS5
′-D5 junction turns into the ( 3 20 1 ) NS5
′-D5 junction under S-duality. The ( 3 20 1 )
NS5′-D5 junction has a 4d N = 4 U(2) SYM theory in x2 > 0 obeying the Neumann boundary
condition N ′ and bosonic local operators appear from the broken U(3) gauge theory. The U(1) gauge
symmetry in the lower right quadrant is broken and the additional 3d N = 4 twisted hypermultiplet
should receive the Dirichlet boundary condition D.
We can compute the quarter-index for the ( 3 20 1 ) NS5
′-D5 junction as
IV(
3 2
0 1 )
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
2∏
i=1
1
(q
1
2 t2s±i x
∓
2 ; q)∞
(q
3
4 ts±i x
∓
1 ; q)∞︸ ︷︷ ︸
II3d tHMD (six
−1
1 )
× 1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
. (4.62)
This coincides with the quarter-index (4.59) for the ( 2 13 0 ) NS5
′-D5 junction.
4.4.4
(
3 1
2 0
)
and
(
2 3
0 1
)
An inequivalent D3-branes configuration gives the ( 3 12 0 ) NS5
′-D5 junction. It includes a 4d N = 4
U(1) gauge theory in x2 > 0 with the Neumann boundary condition N ′ and bosonic local operators
originating from the broken U(3) gauge theory. The 4d N = 4 U(2) gauge theory in the lower left
quadrant satisfies the Neumann boundary conditionN ′ and Nahm pole boundary condition associated
with a homomorphism ρ : su(2) → u(2). In addition, there are contributions from the Nahm pole
boundary condition for the 3d N = 4 twisted hypermultiplet and those from the neutral fields which
follow from the ( 2 02 0 ) NS5
′-D5 junction.
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The quarter-index for the ( 3 12 0 ) NS5
′-D5 junction is
IV(
3 1
2 0 )
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
1
(q
3
4 t3s±x∓1 ; q)∞
(qt2s±x∓2 ; q)∞
× 1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
(q
3
4 tx±1 x
∓
2 ; q)∞(q
5
4 t3x±1 x
∓
2 ; q)∞. (4.63)
The contributions in the last line describe the neutral local operators appearing in the ( 2 02 0 ) NS5
′-D5
junction, which we obtained in (4.9). As we cannot get the ( 3 12 0 ) NS5
′-D5 junction by S-duality from
the ( 2 13 0 ) and (
3 2
0 1 ) NS5
′-D5 junction, (4.63) is different from the quarter-indices (4.59) and (4.62).
By considering the residues at poles s = q
3
4+mt3x1, we can evaluate the contour integral in (4.63)
and find that
IV(
3 1
2 0 )
N ′D =
(q
3
4 tx±1 x
∓
2 ; q)∞(q
5
4 t3x±1 x
∓
2 ; q)∞
(
q
1
4 t−1 x1x2 ; q
)
∞
(
q
3
4 tx1x2 ; q
)
∞
(q)∞(q
1
2 t2; q)3∞(qt4; q)2∞
×
∞∑
m=0
(q1+m; q)∞
(
q
7
4+mt5 x1x2 ; q
)
∞
(q
3
2+mt6; q)∞
(
q
3
4+mtx1x2
)
∞
q
m
4 t−mx−m1 x
m
2 (4.64)
The first term in the sum is the product of three quarter-indices IV4d U(1)N ′D , IV
4d U(2)
N ′Nahm, IV
4d U(3)
N ′Nahm,
corresponding to the three corners of the 4d N = 4 U(1), U(2) and U(3) gauge theoreis and the extra
fermionic factors
(
q
1
4 t−1 x1x2 ; q
)
∞
(
q
7
4 t5 x1x2 ; q
)
∞
.
The quarter-index (4.63) can be also expressed as
IV(
3 1
2 0 )
N ′D =
(q
1
4 t−1x±1 x
∓
2 )∞(q
3
4 tx±1 x
∓
2 ; q)∞(q
5
4 t3x±1 x
∓
2 )∞
(q)∞(q
1
2 t2; q)3∞(qt4; q)2∞
∞∑
m=0
(q1+m; q)2∞
(q
1
4+mt−1x±1 x
∓
2 ; q)∞
q
3m
2 t6m. (4.65)
The sum begins with the product of the half-index II4d U(1)N ′ of the Neumann b.c. N ′ for 4d N = 4
U(1) gauge theory living in x6 > 0 and the square of the quarter-index IV4d U(2)N ′Nahm and the extra
fermionic contributions (q
3
4 tx±1 x
∓
2 ; q)∞ (q
5
4 t3x±1 x
∓
2 ; q)∞.
The action of S-duality turns the ( 3 12 0 ) NS5
′-D5 junction into the ( 2 30 1 ) NS5
′-D5 junction. There
is a 4d N = 4 U(2) gauge theory in x2 > 0 with the Neumann boundary condition N ′ and bosonic
local operators appear from the broken U(3) gauge theory. The 4d N = 4 U(1) gauge theory in the
lower right space obeys the Neumann boundary condition N ′ and Dirichlet boundary condition D. In
addition, we have the contributions from the Dirichlet boundary condition D for the 3d N = 4 twisted
hypermultiplet and those from the neutral fields which follow from the ( 0 10 1 ) NS5
′-D5 junction.
We get the quarter-index for the ( 2 30 1 ) NS5
′-D5 junction
IV(
2 3
0 1 )
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
2∏
i=1
1
(q
1
2 t2s±i x
∓
2 ; q)∞
(q
3
4 ts±i x
∓
1 ; q)∞︸ ︷︷ ︸
II3d tHMD (six
−1
1 )
× 1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
(q
3
4 tx±1 x
∓
2 ; q)∞ (4.66)
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q ∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. T en the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 an space coordinates 1, · · · , x9. Let QL and QR e the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) irections, D5′-bran s with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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For general (N ML K ) NS5
′-D5 junction, the quarter-index will take the form
IV(
N M
L K )
N ′D =
1
min(N,M)!
(q)
min(N,M)
(q
1
2 t2; q)
min(N,M)
∞
∮ min(N,M)∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(min(N,M))N ′
×
|N−M |∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(|N −M|)N ′D
min(N,M)∏
i=1
(
q
1
2 six; q
)
∞
(
q
1
2 s−1i x
−1; q
)
∞
(q
1
4+
|N−M|
4 t1+|N−M |six; q)∞(q
1
4+
|N−M|
4 t1+|N−M |s−1i x−1; q)∞
× 1
min(L,K)!
(q)
min(L,K)
∞
(q
1
2 t2; q)
min(L,K)
∞
∮ min(N,M)+min(L,K)∏
i=min(N,M)+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(min(L,K))N ′
×
|L−K|∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(|L −K|)N ′D
min(L,K)∏
i=1
(
q
1
2 six
−1; q
)
∞
(
q
1
2 s−1i x; q
)
∞
(q
1
4+
|L−K|
4 t1+|L−K|six−1; q)∞(q
1
4+
|L−K|
4 t1+|L−K|s−1i x; q)∞
×
min(N,M)∏
i=1
min(N,M)+min(L,K)∏
k=min(N,M)+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
(3.25) ndNNNN
3.2 NS5-NS5′ and D5-D5′ junctions
sec_nnddjunction
The NS5-NS5′ junction and D5-D5′ interfaces are more constrained by anomaly cancellation. Let
us consider the ( 1 10 0 ) NS5-NS5
′ junction. It involves a 3d bi-fundamental hyper obeying Neumann
boundary conditions together with the cross-determinant Fermi multiplet. The quarter index for
( 1 10 0 ) NS5-NS5
′ junction is
IV(
1 1
0 0 )
NN ′ = (q)∞
∮
ds1
2πis1︸ ︷︷ ︸
IV4d U(1)NN ′
(q)∞
∮
ds2
2πis2︸ ︷︷ ︸
IV4d U(1)NN ′
(
q
1
2
s1
s2
x; q
)
∞
(
q
1
2
s2
s1
x−1; q
)
∞(
q
1
4 t s1s2x; q
)
∞
(
q
1
4 t s2s1x
−1; q
)
∞︸ ︷︷ ︸
II3d HMN
(
s1
s2
)
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For general (N ML K ) NS5
′-D5 junction, the quarter-index will take the form
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3.2 NS5-NS5′ and D5-D5′ ju ctio s
sec_nnddjunction
The NS5-NS5′ junction and D5-D5′ interfaces are more constrained by anomaly cancellation. Let
us consider the ( 1 10 0 ) NS5-NS5
′ junction. It involves a 3d bi-fundamental hyper obeying Neumann
boundary conditions together with the cross-determinant Fermi multiplet. The quarter index for
( 1 10 0 ) NS5-NS5
′ junction is
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Figure 9: The
(
N M
L 0
)
NS5′-D5 junction.
where the factors in the last line include the contributions from the broken gauge theory associated to
the ( 0 10 1 ) NS5
′-D5 junction, which takes the same form as in (4.2). The quarter-index (4.66) matches
with the quarter-index (4.63) for the ( 3 12 0 ) NS5
′-D5 junction.
The brane picture is illustrated in Figure 9.
4.5
(
N M
LK
)
Finally, let us discuss the most general NS5′-D5 junction, i.e. (N ML K ) NS5
′-D5 junction.
4.5.1
(
1 2
1 2
)
and
(
1 1
2 2
)
As an example, consider the ( 1 21 2 ) NS5
′-D5 junction. Both 4d N = 4 U(1) gauge theories in x2 > 0
and in x2 < 0 obey the Neumann boundary condition N ′. In addition, there will be the 3d N = 4
bi-fundamental twisted hyprmultiplet, as well as the contributions from the broken gauge symmetry
which are associated to the ( 0 10 1 ) NS5
′-D5 junctions.
The quarter-index for the ( 1 21 2 ) NS5
′-D5 junction is written as
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The factors in the last line describe the additional 3d N = 4 bi-fundamentaql twisted hypermultiplet
and the contributions from the ( 0 10 1 ) NS5
′-D5 junction which we obtained in (4.2).
The S-dual is the ( 1 12 2 ) NS5
′-D5 junction. This can be constructed by combining the ( 1 10 0 ) and
( 0 02 2 ) NS5
′-D5 junctions. The whole gauge symmetry is U(1) for x2 > 0 and U(2) for x2 < 0. Since
these decomposed junctions have equal numbers of D3-branes across the D5-brane, they include 3d
N = 4 fundamental hypermultiplts together with fundamental Fermi multiplets. The 3d N = 4
bi-fundamental twisted hypermultiplet across the NS5′-brane will contribute to the index.
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The quarter-index for the S-dual ( 1 12 2 ) NS5
′-D5 junction is
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(4.68)
where the factors in the last line is the additional 3d N = 4 bi-fundamental twisted hypermultiplet.
In fact the quarter-indices (4.67) and (4.68) coincide.
4.5.2
(
1 1
2 3
)
and
(
2 1
3 1
)
The next example is the ( 1 12 3 ) NS5
′-D5 junction. The 3d N = 4 charged hypermultiplet satisfies
the Neumann boundary condition N ′. The gauge anomaly is canceled by the contributions from the
Dirichlet boundary condition D for the 3d N = 4 charged twisted hypermultiplet arising from D3-D3
string across the NS5′-brane. In x2 < 0, the U(3) gauge symmetry in the lower right corner is broken
to U(2) and there remains a 4d N = 4 U(2) SYM theory. Instead of the 3d N = 4 hypermultiplet,
there are bosonic local operators from the broken U(3) gauge theory together with the fundamental
Fermi multiplet that cancel the gauge anomaly. Besides, there is the 3d N = 4 twisted hypermultiplet
transforming as bi-fundamental representation under the U(1) × U(2) gauge symmetry.
The quarter-index for the ( 1 12 3 ) NS5
′-D5 junction is computed as
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For the S-dual ( 2 13 1 ) NS5
′-D5 junction, there are two 4d N = 4 U(1) gauge theories in x2 > 0 and
x2 < 0 with the Neumann boundary condition N ′. The junction has no hypermultiplet, howerver, it
includes bosonic degrees of freedom from the broken U(2) gauge symmetry in the upper left corner
and the U(3) gauge symmetry in the lower left corner. The gauge anomalies receive cancelling
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contributions from the Nahm pole and from the Dirichlet boundary conditions for the 3d N = 4
twisted hypermultiplets.
The quarter-index for the ( 2 13 1 ) NS5
′-D5 junction is
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The contributions in the last line are the additional 3d N = 4 bi-fundamental twisted hypermultiplet
and the neutral local operators associated to the ( 1 02 0 ) NS5
′-D5 junction which we found in (4.22).
It follows that the quarter-index (4.69) matches with the dual quarter-index (4.70).
4.5.3
(
1 2
3 4
)
and
(
3 1
4 2
)
Let us consider the ( 1 23 4 ) NS5
′-D5 junction. To obtain this junction, we roughly combine the pre-
scriptions for the ( 1 20 0 ) and (
0 0
3 4 ) NS5
′-D5 junctions. There is 4d N = 4 U(1) gauge theory in x2 > 0
and 4d N = 4 U(3) gauge theory in x2 < 0, with the Neumann boundary condition N ′. As all the
numbers of D3-branes are distinct, there is no 3d N = 4 hypermultiplet.
We then obtain the quarter-index for the ( 1 23 4 ) NS5
′-D5 junction:
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The S-dual is the ( 3 14 2 ) NS5
′-D5 junction. It has 4d N = 4 U(1) gauge theory in x2 > 0 and 4d
N = 4 U(2) gauge theory in x2 < 0, with the Neumann boundary condition N ′.
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The resulting quarter-index for the S-dual ( 3 14 2 ) NS5
′-D5 junction is
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The quarter-indices (4.71) and (4.72) beautifully coincide.
4.5.4
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N M
LK
)
and
(
LN
KM
)
For general (N ML K ) NS5
′-D5 junction, the quarter-index will take the form
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The fifth line in (4.73) describes the 3d N = 4 bi-fundamental twisted hypermultiplets which are
charged under the U(min(N,M)) × U(min(L,K)) gauge symmetry. From the broken gauge sym-
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
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(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
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(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
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(1.33) 4duNu1_hindex3
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. T en the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 an space coordinates 1, · · · , x9. Let QL and QR e the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) irections, D5′-bran s with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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For general (N ML K ) NS5
′-D5 junction, the quarter-index will take the form
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3.2 NS5-NS5′ and D5-D5′ junctions
sec_nnddjunction
The NS5-NS5′ junction and D5-D5′ interfaces are more constrained by anomaly cancellation. Let
us consider the ( 1 10 0 ) NS5-NS5
′ junction. It involves a 3d bi-fundamental hyper obeying Neumann
boundary conditions together with the cross-determinant Fermi multiplet. The quarter index for
( 1 10 0 ) NS5-NS5
′ junction is
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Figure 10: The
(
M
LK
)
NS5′-D5 junction.
metry we may obtain the contributions from the last line in (4.73), which corresponds to the Nahm
pole boundary conditions for the 3d N = 4 bi-fundamental twisted hypermultiplets associated to the(
min(N,M) 0
min(L,K) 0
)
NS5′-D5 junctions. Note that they appear only when N > M and L > K or N < M
and L < K.
The brane configuration is depicted in Figure 10. The quarter-index (4.73) will coincide with the
quarter-index for ( L NK M ) NS5
′-D5 junction which will be also given by the formula (4.73).
5 NS5-NS5′ and D5-D5′ junctions
Both for NS5-NS5′ and D5-D5′ junctions we require a balancing condition: the sum of the numbers
of D3-branes in opposite corners must be the same.
In the D5-D5′ junction case, this guarantees that we can implement the required Nahm poles in
the simplest possible way: a Nahm pole of fixed rank in the X fields along the D5 interface and a
Nahm pole of fixed rank in the Y fields along the D5′ interface, with the two Nahm poles sitting
different commuting blocks of the largest gauge group.
In the NS5-NS5′ junction case, this guarantees a cancellation of non-Abelian anomalies. Abelian
anomalies can be cancelled by an extra “cross-determinant” Fermi multiplet which couples to the
Abelian part of each of the gauge symmetries in the quadrants at the NS5-NS5′ junction as discussed
in [16]. The following computation of quarter-indices provides us with the evidences of the existence
of the cross-determinant Fermi multiplet and proposes new dualities between NS5-NS5′ and D5-D5′
junctions.
The balancing condition is motivated in string theory by requiring that finite segments of five-
branes defining the common boundaries or/and corners in the effective world-volume theory of the
D3-branes have the same linking numbers. This condition is translated into the gauge anomaly
cancelation in the effective gauge theory [16].
Other junctions which do not satisfy the balancing condition may likely be defined in gauge theory,
but we do not have a string theory construction which ca motivate S-duality conjectures.
5.1
(
N N
0 0
)
and
(
0N
0N
)
Let us consider the ( 1 10 0 ) NS5-NS5
′ junction. It consists of two 4d N = 4 U(1) gauge theories at cor-
ners with the boundary conditions N and N ′. It involves a 3d N = 4 bi-fundamental hypermultiplet
obeying the Neumann boundary conditions N ′ together with the cross-determinant Fermi multiplet
[16].
60
5.1.1
(
1 1
0 0
)
and
(
0 1
0 1
)
The quarter-index for the ( 1 10 0 ) NS5-NS5
′ junction is
IV(
1 1
0 0 )
NN ′ = (q)∞
∮
ds1
2piis1︸ ︷︷ ︸
IV4d U(1)NN′
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∮
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. (5.1)
The S-dual is the ( 0 10 1 ) D5-D5
′ junction. In the absence of D5′-brane, the D5-brane requires the
Dirichlet boundary condition D for 4d N = 4 U(1) gauge theory. The D5′-brane will introduce a 3d
N = 4 twisted hypermultiplet, which we expect to satisfy the Dirichlet boundary condition D at the
D5-brane.
Therefore the quarter-index for the ( 0 10 1 ) D5-D5
′ junction takes the form
IV(
0 1
0 1 )
DD′ =
(q)∞
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1
2 t2; q)∞︸ ︷︷ ︸
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II3d tHMD (x)
. (5.2)
In fact, the quarter-indices (5.1) and (5.2) coincide.
Let us draw a lesson by expanding these indices in several ways. We can expand the quarter-index
(5.1) as a sum over residues at poles s1s2 = q
1
4+mt for the bi-fundamental hyper
IV(
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0 0 )
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(q1+m; q)∞
(q
1
2+mt2; q)∞
q
m
4 t−mx−m. (5.3)
The sum starts from the product of the half-index II4d U(1)N ′ of the Neumann boundary condition N ′
for the 4d N = 4 U(1) gauge theory and the Fermi index F (q 34 tx). It is shown from the q-binomial
theorem (B.4) that the expression (5.3) is equivalent to the quarter-index (5.2) for the ( 0 10 1 ) D5-D5
′
junction.
Alternatively, the quarter-index (5.1) can be expanded as
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q
n
2 t2n. (5.4)
The first terms in the sum can be regarded as the square of the quarter-indices IV4d U(1)NN ′ .
On the other hand, we have an expansion of the quarter-index (5.2) for the ( 0 10 1 ) D5-D5
′ junction:
IV(
0 1
0 1 )
DD′ =
(q)∞
(q
1
2 t2; q)∞
1
(q)2∞
∞∑
n=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞(−1)nx2k−ntnq n
2
2 +
n
4 +k(k−n). (5.5)
In contrast to the expansion (5.3), the first term in the sum is just the half-index II4d U(1)D of the
Dirichlet boundary condition D for 4d N = 4 U(1) gauge theory. The physical interpretation of this
expansion is not obvious.
5.1.2
(
2 2
0 0
)
and
(
0 2
0 2
)
As a non-Abelian example, consider the ( 2 20 0 ) NS5-NS5
′ junction. There are two 4d N = 4 U(2)
gauge theories, each defined on a quadrant, with boundary conditions N and N ′. In addition, there
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are 3d N = 4 bi-fundamental hypermultiplets obeying the Neumann boundary condition N ′ and the
cross-determinant Fermi multiplet that cancels the Abelian part of the boundary gauge anomaly.
Then the quarter-index for the ( 2 20 0 ) NS5-NS5
′ junction is given by
IV(
2 2
0 0 )
NN ′ =
1
2
(q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
1
2
(q)2∞
∮ 4∏
i=3
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
×
2∏
i=1
4∏
k=3
(q
1
2
s1s2
s3s4
x; q)∞(q
1
2
s3s4
s1s2
x−1; q)∞
(q
1
4 t sisk ; q)∞(q
1
4 t sksi ; q)∞︸ ︷︷ ︸
II3d HMN
(
si
sk
)
·F
(
q
1
2
∏2
j=1
sj∏4
l=3
sl
x
)
. (5.6)
For the S-dual ( 0 20 2 ) D5-D5
′ junction, the D5-brane should introduce the Nahm pole boundary
condition specified by a homomorphism ρ : su(2) → u(2). The additional D5′-brane will introduce
a 3d N = 4 twisted hypermultiplet, which should satisfy the boundary condition associated to the
Nahm pole boundary condition, which will be different from the Dirichlet boundary condition D.
We find that the quarter-index (5.6) for the ( 2 20 0 ) NS5-NS5
′ junction coincides with the following
quarter-index for ( 0 20 2 ) D5-D5
′ junction:
IV(
0 2
0 2 )
DD′ =
(q)∞(q
3
2 t2; q)∞
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
II4d U(2)Nahm
(qt2x; q)∞(qt2x−1; q)∞. (5.7)
We see that the contributions from the 3d N = 4 fundamental twisted hypermultiplet are different
from the Dirichlet boundary condition D. They can be obtained by the by-now standard Higgsing
procedure: specializing Dirichlet fugacities to describe the RG flow to a Nahm pole would give
(q
1
2x; q)∞(q
1
2x−1; q)∞(qt2x; q)∞(qt2x−1; q)∞, but we strip off the free Fermi contribution.
We can expand the quarter-index (5.7) as
IV(
0 2
0 2 )
DD′ =
(q)∞(q
3
2 t2; q)∞
(q
1
2 t2; q)∞(qt4; q)∞
1
(q)2∞
∞∑
n=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞(−1)nx2k−nt2nq
n2+n
2 +k(k−n)
(5.8)
which begins with the half-index II4d U(2)Nahm of the Nahm pole boundary condition for 4d N = 4 U(2)
SYM theory.
5.1.3
(
3 3
0 0
)
and
(
0 3
0 3
)
Let us examine the ( 3 30 0 ) NS5-NS5
′ junction. This has two 4d N = 4 U(3) gauge theories, each
defined on a quadrant, with boundary conditions N and N ′. The matter content consists of the
3d N = 4 bi-fundamental hypermultiplets obeying the Neumann boundary condition N ′ and the
cross-determinant Fermi multiplet which cancels the Abelian part of the boundary gauge anomaly.
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We obtain the quarter-index for ( 3 30 0 ) NS5-NS5
′ junction
IV(
3 3
0 0 )
NN ′ =
1
3!
(q)3∞
∮ 3∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(3)NN′
1
3!
(q)3∞
∮ 6∏
i=4
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(3)NN′
×
3∏
i=1
6∏
k=4
(
q
1
2
∏3
j=1 sj∏6
l=4 sl
x; q
)
∞
(
q
1
2
∏6
l=4 sl∏3
j=1 sj
x−1; q
)
∞(
q
1
4 t sisk ; q
)
∞
(
q
1
4 t sksi ; q
)
∞︸ ︷︷ ︸
II3d HMN
(
si
sk
)
·F
(
q
1
2
∏3
j=1
sj∏6
l=4
sl
x
)
. (5.9)
The S-dual ( 0 30 3 ) D5-D5
′ junction involves the Nahm pole boundary condition with an embedding
ρ : su(2) → u(3). The 3d N = 4 twisted hypermultiplet arising from D3-D5′ strings should satisfy
the boundary condition associated to this Nahm pole boundary condition.
The quarter-index (5.9) for the ( 3 30 0 ) NS5-NS5
′ junction turns out to be coincide with the following
simple expression:
IV(
0 3
0 3 )
DD′ =
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
5
4 t3x; q)∞(q
5
4 t3x−1; q)∞. (5.10)
We can view the factor (q
5
4 t3x; q)∞ (q
5
4 t3x−1; q)∞ as the contributions from the 3d N = 4 twisted
hypermultiplet obeying the boundary condition associated to the Nahm pole boundary condition with
an embedding ρ : su(2) → u(3).
They can be obtained by the Higgsing procedure: specializing Dirichlet fugacities to describe the
RG flow to a Nahm pole would give (q
1
4 t−1x; q)∞ (q
1
4 t−1x−1; q)∞(q
3
4 tx; q)∞ (q
3
4 tx−1; q)∞(q
5
4 t3x; q)∞
(q
5
4 t3x−1; q)∞, but we strip off the free Fermi contribution.
We can expand the quarter-index as a sum over residues:
IV(
0 3
0 3 )
DD′ =
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
× 1
(q)2∞
∞∑
n=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞(−1)nx2k−nt3nq n
2
2 +
3n
4 +k(k−n), (5.11)
which begins with the half-index II4d U(3)Nahm of the Nahm pole boundary condition for 4d N = 4 U(3)
gauge theory.
5.1.4
(
N N
0 0
)
and
(
0N
0N
)
We would like to propose the generalization of the duality between the (N N0 0 ) NS5-NS5
′ junction and
( 0 N0 N ) D5-D5
′ junction.
For the (N N0 0 ) NS5-NS5
′ junction, there are two 4d N = 4 U(N) gauge theories, each defined
in a quadrant, with boundary conditions N and N ′. There are the 3d N = 4 bi-fundamental
hypermultiplets with the Neumann boundary conditionN ′ and the cross-determinant Fermi multiplet.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge heories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with he half-index for D5-type in erf c between U(1) and U(4) gau e theories:
II4d U(1)|U(4)D =
(q)∞
(q
1
2 t2; q)∞(q
1
2 t−2
∮
d
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q) (q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2 4
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type i terface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coi cide with he half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2
(q
1
2 ; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(
k+1
t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indice (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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The half-index for NS5′-type interfac betw en U(4) gauge theo y and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
(
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
3
4 t sis5 ; q
)
∞
(
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides wit the half-index for D5- ype interfac between U(1) and U(4) gaug theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; )∞
(q
1
2 t2; t4; q)∞(q
3
2 t6; q)∞︸ ︷︷
II 3Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(q 4s; q)∞(qt4s−1; )∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are express d as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; )∞(
5
2+nt6; q)∞
1
2+nt ; q)∞(q2+nt8; q)∞
( .30) 4du4u1_hindex3
The half-index for NS5′-type interfac betw en U( ) gaug th ory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
(
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symm try can be enhanced to the affi e Lie algebra f̂ of level |2Af| which ct in the holomo ph c or
anti-holomorphic sector of the associated CFT depending n the sign of the anomaly c efficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the heories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fiel s
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Figure 11:
(
N N
0 0
)
NS5-NS5′-junction and
(
0N
0N
)
D5-D5′ junction.
The quarter-index for (N N0 0 ) NS5-NS5
′ junction takes the form
IV(
N N
0 0 )
NN ′ =
1
N !
(q)N∞
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i=1
dsi
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(
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)
∞︸ ︷︷ ︸
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∞︸ ︷︷ ︸
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)
∞
(
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∞︸ ︷︷ ︸
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·F
(
q
1
2
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j=1
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l=N+1
sl
x
)
. (5.12)
The S-dual ( 0 N0 N ) D5-D5
′ junction is characterized by the Nahm pole boundary condition with
an embedding ρ : su(2) → u(N). We expect that the quarter-index for (N N0 0 ) NS5-NS5′ junction is
equal to the following quarter-index for ( 0 N0 N ) D5-D5
′ junction:
IV(
0 N
0 N )
DD′ =
N∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N)Nahm
(
q
3
4+
N−1
4 t1+(N−1)x; q
)
∞
(
q
3
4+
N−1
4 t1+(N−1)x−1; q
)
∞
. (5.13)
The brane configuration is shown in Figure 11
We can expand the quarter-index as a sum over residues:
IV(
N N
0 0 )
NN ′ = IV
( 0 N0 N )
DD′
=
N∏
k=1
(
q
k+1
2 t2(k−1); q
)
∞(
q
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2 t2k; q
)
∞
1
(q)2∞
∑
n=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞(−1)nx2k−ntNnq n
2
2 +
Nn
4 +k(k−n).
(5.14)
The first term in the series expression (5.13) appears as the half-index II4d U(N)Nahm of the Nahm pole
boundary condition for the 4d N = 4 U(N) SYM theory.
5.2
(
N N
N N
)
5.2.1
(
1 1
1 1
)
and
(
1 1
1 1
)
Let us consider the ( 1 11 1 ) NS5-NS5
′ junction. There are four 4d N = 4 U(1) gauge theories, each
defined in a quadrant, with boundary conditions N and N ′. We denote by U(1)1, U(1)2, U(1)3
64
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This will co ncide with the half-index for D5-type interface betwee U(1) and U(N) gauge theories:
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The half-indices (
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The half-index for NS5′-type inte face betwee U(4) gauge theory and U(1) gauge theory is
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The half-indic s (
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The half-index for NS5′-type int rface b tween U(N) gauge theory and U(1) gauge theory is
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T is wi l coincide w th the half-ind x for D5-type interf ce between U(1) and U(N) gauge theories:
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The half-indices (
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The half-index for NS5′-type inte face between U(4) gauge theory and U(1) gauge theory is
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This coincides w th th half-ind x for D5-type interfac betwe U(1) and U(4) gauge theories:
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The half-indices (
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The half-index for NS5′-type i t rface betw en U(N) gauge theory and U(1) gauge theory is
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This will co cide w th th half-ind x for D5-type in erf ce betwee U(1) and U(N) gauge theories:
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Th half-in ices (
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1.28) and (
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The half-index for NS5′-type inte face betwee U(4) gauge theory and U(1) gauge theory is
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The half-index for NS5′-type int rface b tween U(N) gauge theory and U(1) gauge theory is
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The half-indices (
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The half-index for NS5′-type inte face between U(4) gauge theory and U(1) gauge theory is
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Figure 12: The
(
N
N N
)
NS5-NS5′ junction and
(
N N
N
)
D5-D5′ junction.
and U(1)4 the upper left, lower left, upper right and lower right quadrants respectively. The brane
configuration is depicted in Figure 12
The matte cont nt can be read off from the brane box analysis in [16]. It involves two 3d N = 4
bi-fundamental hypers H(1), H(2), two 3d N = 4 bi-fundamental twisted hypers T(1), T(2), two bi-
fundamental Fermi multiplets Γ(1), Γ(2) and cross-determinant Fermi multiplet Ξ. They have charges
as follows:
U(1)1 U(1)2 U(1)3 U(1)4
3d N = 4 hyper H(1 + 0 − 0
3d N = 4 hyper H(2) + 0 0 −
3d N = 4 twisted hyper T(1) + − 0 0
3d N = 4 twisted hyper T(2) 0 0 + −
2d Fermi multiplet Γ(1) + 0 0 −
2d Fermi multiplet Γ(2) 0 − + 0
2d Fermi multiplet Ξ + − − +
(5.15)
According to the NS5′- and NS5-branes, the 3d N = 4 hyper and twisted hypermultiplets receive the
Neumann boundary conditions.
For consistency of the Neumann boundary condition for a gauge fields, the boundary gauge
anomaly must be canceled out. Let si be the field strength of the U(1)i gauge field with i = 1, · · · , 4.
The boundary gauge anomaly polynomial is computed as
I(
1 1
1 1 )
NN ′ = −
1
2
(s1 − s3)2 − 1
2
(−s1 + s3)2︸ ︷︷ ︸
N ′ of H(1)
−1
2
(s2 − s4)2 − 1
2
(−s2 + s4)2︸ ︷︷ ︸
N ′ of H(2)
−1
2
(s1 − s2)2 − 1
2
(−s1 + s2)2︸ ︷︷ ︸
N of T(1)
−1
2
(s3 − s4)2 − 1
2
(−s3 + s4)2︸ ︷︷ ︸
N of T(2)
+ (s1 − s4)2︸ ︷︷ ︸
Γ(1)
+ (s3 − s2)2︸ ︷︷ ︸
Γ(2)
+ (s1 + s4 − s2 − s3)2︸ ︷︷ ︸
Ξ
= 0. (5.16)
65
The quarter-index for the ( 1 11 1 ) NS5-NS5
′ junction is given by
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where the cross-determinant Fermi multiplet has flvebrane charges associated to the fugacity x.
The S-dual is the ( 1111 ) D5-D5
′ junction. We have a 4d N = 4 U(1) gauge theory defined on
the whole plane, coupled to the 3d hypermultiplet arising from D3-D5 string and the 3d twisted
hypermultiplet arising from D3-D5′ string. In addition, there will be the neutral Fermi multiplet
arising from D5-D5′ string [16], possibly with a cubic coupling to the hypers and twisted hypers.
Then the quarter-index for the ( 1111 ) D5-D5
′ junction takes the form
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We find that the quarter-indices (5.17) and (5.18) beautifully coincide.
The contour integral in (5.18) is evaluated by taking the sum over residues associated to two sets
of poles where one is hypermultiplet poles at s = q
1
4+mtx−1 and the other is twisted hypermultiplet
poles at s = q
1
4+mt−1x.
When we take the sum over the residues at both poles, we find that
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where the first term is the residue sum of hypermultiplet poles while the second is that of twisted
hypermultiplet poles.
We can also expand the quarter-index (5.18) as
IV(
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1 1 )
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(q)2∞
∞∑
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∞∑
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n∑
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× q n2 +m2 − k2+m(n−2k)t−2k−2mx−2n+4k. (5.20)
The sum begins with the square of half-index II4d U(1)D and the extra Fermi index. The associated
Higgsing procedure would be the separation of the D5′-brane (see Figure 13).
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
ranes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dictionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anom ly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the number ending from the left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes wit n n-zero net numb rs of D3-bran s are l ated on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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B D3-branes provide T n B (0, 4) fundamen al twisted hyp rmultiplets, a d diagonally aligned
nTL, nTR, b and nBR D3-branes lead to nTL, nTR, b and nBR (0, 2) fundamental Fermi multiplets.
Acco ding to the an maly contribution (
t_Anom2a
1.40), e find f2su(N) gauge anom ly fr e condition
N =
1
2
(nL + nR + nT + nB)
1
4
(nTL nTR nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subs c_04ineq
W will define a pair of net numb rs f D3-branes ding on a 5-brane. One is th number f D3-
branes e ding on the 5-brane from he right mi s th number ending from the f while the other is
the that of D3-branes e ding on the 5-brane from the top mi s th umber ending from he bottom.
1. Any D -branes wit no -zero net numb rs of D3-branes ar l c te n he right and of all th
NS5-branes an any D5′-branes with non-zero net numbers of D3-branes re on the t p of all
the NS5′-branes. This constraint requires that we should firs ly mee the data which ca not be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and re d ga ge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- a d D5-branes. W impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing f om left to right and fro b t m to t p. Unless this
constraint is satisfied for D5-brane, the moduli space of s lutions to Nahm equati n would
involve xtra decoupled 3d N = 4 hypermult plets. As Nahm pole boundary c nditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint o the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constr int on a pair of two NS5-branes
leads to conditions in 0, 4) U(N) gauge theory:
H ≥ 2N, T ≥ 2N (4.2) 04scft_constraint
here NH is th number o (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditi ns are ob yed at each node, the (0, 4) q iver gaug theories
will be good or balanced.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mech ni m. In
Gadde:2013lxa
[12] the addition of appropriate matter ca cels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditi ns in 3d N = 2 theory, the anomaly coefficient also
rec ives contribu ion from bulk fields. They have half of the contributions as those from boundary
field
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multip et D b.c. djoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Bra e configuratio s
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] confi urations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this sec ion we will generalize these brane co figur tions to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time co rdinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet d grees of freedom. They sati fy the chiral ty conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, 2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-v lumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-brane in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We ill consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
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Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
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2.1 Brane configurati s
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
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D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Figure 13: Single box of N D3-br es and ight typ s of D3- r n s with infi ite extent.
fig_singlebox
account the (0, 4) boundary conditi ns in subsection
subsec_04BC1
2.2.1, this leads (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory fro non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-br nes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dictionary (
dic_box
3.37) of b ane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fund me tal wist d hypermultiplets, and d ago ally align d
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2u(N) gauge anomaly free condition
N =
1
2
(nL + nR + T + nB)− 1
4
(nTL + nTR + nBL + BR). (4.1) brane_anomalry_sun
4.2 B ane ord ring
subsec_04ineq
We will define a pair of net numbe s of D3-b anes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from th right minus the number ending from the left while the other is
the that of D3- ranes ending on th 5-brane from the top minus t number nding from the bottom.
1. A y D5-branes wi n n-zero net numb rs f D3-b an s are l ated on the right hand of all the
NS5-branes d an D5′-branes with on-z ro n t numbe s f D3 ranes are n he top of all
the NS5′-branes. This constraint requires that we should firstly meet the dat which cannot be
describe by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and uced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The li king numbers are nondecreasing from l ft to right and from bottom o top. Unless this
co straint is satisfied fo D5-brane, the modul space of solutio s to Nahm equation would
nv lve xtra d coupled 3 N = 4 hype multiplets. As Nahm pol boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint o the linking umb s of
addition l 5-branes. Followi the same line in
Gaiotto:2008 k
[13], this constraint on a pair o two NS5-bran s
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these c nd tions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or bala ced.
28
Figure 13: Si gle box of N D3-br nes a d eight types of D3-branes with infinite extent.
fig_singlebox
accoun the (0, 4) boundary condition in subsection
subsec_04BC1
2.2.1, this le ds to 0, 4) U(N) vec or multiplet.
Without any ma ter content, 0, 4) U(N) vec or multiplet is anomalous.
To obtain gauge ano aly free theory from non-periodic configuration, one c n dd adjacent D3-
branes in (x2, x6) plane. L t nTL, nT , nTR, nL, R, nBL, nB , BR be th numbers of D3-branes
isplac d in the nei hboring infinite regi ns in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (se Figure
fig_singlebox
13). From the dictio ary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce L and nR (0,4) fundamental hypermultiplets, vert cally aligne nT and
nB D3-branes provide T and B (0, 4) fund men al wisted hypermultiplets, and diago ally aligned
nTL, nTR, b and nBR D3-branes lead to nTL, nTR, b and nBR (0, 2) fundamental Fermi m ltiplets.
According to the an maly cont bution (
t_Anom2a
1.40), we find f2su(N) gauge a omaly fre co dition
N =
1
2
(nL + nR + T + nB)− 1
4
(nTL nTR BL + nBR). (4.1) brane_anomalry_sun
4.2 Bran ordering
subs c_04ineq
W will define a pair of net umbers of D3-bra es e ding on a -brane. One is th number of D3-
branes e ding on the 5-bran f om h ight mi s th umber ending from the f while the other is
the t at of D3-branes e ng n the 5-bran from the t p mi s th number ending from the bottom.
1. A y D5-branes with no -zero net umbers o D3-br nes are l cated on he right hand of all the
NS5-branes d an D5′-branes with non-zero net nu ers f D3-bra es a e on the top of all
the NS5′-branes. This constraint requires that we should firs ly mee the data which cannot be
described by 2d gauge theory, i.e. Nahm p le ρ : su(2)→ g a d red c d ga ge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. W impose a similar condition on NS5′-
and D5′-branes.
2. The li king numbers are no dec easing from l ft to right and fro b t m o top. Unless this
c s raint is satisfied fo D5-bra e, moduli space of solutions to Nahm equation would
nv lv xtra decoupled 3d N = 4 hypermultiplets. As Nahm p l b ndary conditions are
imposed from D5′-bran
Chung:2016pgt
[14], we al o impose a similar constraint o the linking numbers of
additional 5-branes. Followi g the sam line in
Gaiott :2008ak
[13], this constr int o a pair o two NS5-branes
leads to conditions in 0, 4) U(N) gaug theory:
H ≥ 2N, T ≥ 2N (4.2) 04scft_constraint
where NH is th number o (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these c nditi ns are ob yed at each node, the (0, 4) q iver gaug theories
will be good or bala ced.
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account the (0, 4) bou dary co ditions in subsection
ubsec_04BC1
2.2.1, this leads o (0, 4) U(N) ve tor multiplet.
Without a y matter content, (0, 4) U(N) vector multiplet is a omalous.
To obtain gauge an maly free theo y from non-periodic confi uration, one can add adjacent D3-
branes in (x2, x6) plane. L t nTL, T , nTR, nL, R, nBL, nB , nBR be the numbers of D3-bra es
displaced in the ne ghboring infinit regio s in top-left, op, top-rig , lef , righ , bottom-left, bottom
and bottom-right (se Figur
fig_si gle ox
13). From the diction ry (
dic_box
3.37) of brane box, horizo t lly aligned nL
and nR D3-br es intro uce nL and nR (0,4) fundame tal hypermultiplets, vertic lly aligned nT and
nB D3-branes pr vide nT d nB (0, 4) fund me tal wist d hypermultipl t , and d ago ally align d
nTL, nTR, nb and BR D3-branes lead to nTL, TR, b and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Ano 2a
1.40), we find f2u(N) gauge anomaly free condition
N =
1
2
(nL + nR + T + nB)− 1
4
( TL + TR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 B ane rd ring
subsec_04ineq
W will d fin a pair of net numbers of D3-branes ndi g o a 5-brane. One is th number f D3-
branes ending on he 5-brane from t right minus the number ding from the left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. A y D -branes wit non-zero net numb rs of D3-br nes are located on th rig t and of all th
NS5-bra es an D5′-bran s with on-zer et numbers of D3-branes re on e top f all
the NS5′-branes. This constraint requires that we should firstly meet the d ta which ca not be
described by 2d gau e th ory, i.e. Nahm pole ρ : su(2)→ g and r d ced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The i king um ers are no decre sing from left to rig t and from bottom o top. Unless this
co straint is satisfied fo D5-brane, th moduli sp ce of solutio s o Nahm equation w uld
inv lve extra decoupled 3 N = 4 hype multiplets. As Na m pol boundary c nditions ar
imposed from D5′-brane
Chung:2016pgt
[14], we lso impose a s milar constr int on the l king num ers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constrain
re NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions r beyed at ach n de, the (0, 4) quiver gauge the ries
will b good or bala ced.
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Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) bou dary c nditi n in subsection
subsec_04BC1
2.2.1, this leads o 0, 4) U(N) v c or multiplet.
Without any ma ter content, 0, 4) U(N) vec or multiplet is anomalous.
To obtain gauge a maly free theory from n n-periodic confi uration, one c n dd adjacent D3-
branes in x2, x6) plane. Let nTL, nT , nTR, L, R, nBL, B , BR be th numbers of D3-bra es
isplac d in the ne hbori g i finite regi ns in top-left, op, to -righ , lef , righ , bottom-left, bottom
and bott m-right (se Figure
fig_singlebox
13). From the dictionar (
dic_box
3.37) of brane box, horizo t lly aligned nL
and nR D3-br es introduc L a d nR (0,4) fundamental hypermultiple s, v t c lly aligne nT and
B D3-branes provide T an B (0, 4) fund men al wist d hypermultiplets, and diagonally aligned
nTL, nTR, b and nBR D3-branes lead to TL, nTR, b and nBR (0, 2) funda en al Fermi multiplets.
According to the an maly contribution (
t_Anom2
1.40), we find f2u(N) gauge anomaly free condition
N =
1
2
(nL + R + T + nB)
1
4
(nTL TR nBL + nBR). (4.1) brane_anomalry_sun
4.2 Bran ord ring
subs c_04ineq
W will define a pair of net umb rs f D3-bran s nding on a 5-b ane. One is th number f D3-
bran s e ding on the 5-brane from he right mi s th number e d ng from the f while the other is
the that of D3-branes e ding on the 5-br ne from the top mi s th number ending from the bottom.
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NS5-branes an D5′-branes wi h non-zero net numbers of D3-bra es re on he top of all
the NS5′-branes. This constraint requires that we should firs ly mee the data which ca not be
desc ib by 2d gau e theory, i. . Nahm pole ρ : su(2)→ g a d red c d ga ge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- a D5-bran s. W imp se a similar condition on NS5′-
and D5′-branes.
2. The li king umbers are no dec e sing f om l ft to right nd fro b t o t p. Unless this
c s raint is satisfied fo D5-bra e, moduli space of s lutions to Nahm equati n would
inv lv xtra decoupled 3d N = 4 hyp rmult plets. As Nahm pol b undary c nditions are
imposed from D5′-bran
Chung:2016pgt
[14], we also impose a similar constraint o the linking numbers of
additional 5-branes. Following the same line i
Gaiott :2008ak
[13], this constr int n a pair of two NS5-branes
leads to conditions in 0, 4) U(N) gauge theory:
H ≥ 2N, T ≥ 2N (4.2) 04scft_c nstraint
re NH is th umber o (0, 4) fundamental ype multiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditi ns are b yed at ach n de, the (0, 4) q iver gaug the ries
will b go d or bala ced.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane b x m del
subsec_d3box
2.1 Bra e configuratio s
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane co figur tions to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet d grees of freedom. They sati fy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, 2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directio s, D5′-branes with world-v lumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share th (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reducti n in
these two directions, the world-volu e theories on the D3-branes t erefore are macroscopically two
dimensional.
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fig_singlebox
acc unt th (0, 4) bou dary onditions in subsection
subsec_04BC1
2.2.1, this le ds to (0, 4) U(N) vector multiplet.
With ut any matter conte t, (0, 4) U(N) vector multiple is anomalous.
To obtain gauge anomaly free theory from non-periodic configu tion, ne can add adjacent D3-
bra es i (x2, x6) plane. Le TL, T , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
isplaced in the neighboring infinite regions in op-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dictio ary (
dic_box
3.37) of brane box, horizontally aligned nL
and R D3-branes introduc nL nR (0,4) fundam ntal hypermultiplets, vertically aligned nT and
nB D3-b es p ovi e nT nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
TL, nTR, b a d nBR 3- anes l d to TL, nTR, b and BR (0, 2) fundamental Fermi multiplets.
Acc rding to the m ly contribut on (
t_Anom2a
1.40), we find 2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
su sec_04i eq
We will define a pair of net n mb rs of D3-branes ending on a 5-brane. One is the number of D3-
s ending on the 5-bran fro the ight minus number ending from the left while the other is
the that of D3-branes en i g o the 5-brane from the top minus the number ending from the bottom.
1. A y D5-branes with non-z ro n t umbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes ith non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constr int requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
G iotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are n decreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5- rane, the m duli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hyperm ltiplets. As Nahm pole boundary conditions are
imposed from D5′-bra e
Chung:2016pgt
[14], we also impose a simil r constraint on the linking numbers of
additi nal 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) g uge the ry:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
wh re NH is the number of (0, 4) fundamental hyp rmultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or b lance .
28
x345
Note t t the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft an malies. Whil gauge anomaly cancellation is required for consistent gauge theory,
global symmetr may be anom lous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry an be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TO O: Ch ck he Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abe an gaug anomalies are shown to be cancelled by a generalized Green-Schwarz
m chanism. In
Gadde:2013 xa
[12] the add tion of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we co sider (0, 2) bou d ry conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gaug multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane b x mod l
subsec_d3box
2.1 Bra c nfiguratio s
subsec_04susy
In
Han ny:1996ie, Gaiotto:2008ak
[13, 14] onfiguratio f D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gau e the ries. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinat x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisf th chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes wi h world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, 1) di ections. We will consider the case in which the D3-branes are
bounded by all the 5-branes in he (x2, x6) directions. ccording to the Kaluza-Klein reduction in
these tw di ctions, th w rld-volume t eories on th D3-branes theref re re macroscopically two
dimensional.
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Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
accou t th (0, 4) boundary conditi n in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0 4) U(N) v ctor ultiplet is anomalous.
obtain gauge ly free theory fro non-periodic configuration, one can add adjacent D3-
b a es i (x2, x6) plane. Let nTL, nT , TR, nL, nR, nBL, B , nBR be the numbers of D3-branes
displa ed in the neighb ring infi ite reg ns i top-left, top, top-right, left, right, bottom-left, bottom
and botto -right (se Figure
fig_singlebox
13). F om th diction ry (
dic_box
3.37) of brane box, horizontally aligned nL
and R D3-bra es introduce nL and R (0 4) fun ament hypermultiplets, vertically aligned nT and
B D3-bran s provide T and nB (0, 4) fund enta twis ed hypermultiplets, and diagonally aligned
TL, nTR, b a d BR D3-br n s l d to nTL, TR, nb d nBR (0, 2) fundamental Fermi multiplets.
Accor ing to the a omaly contributio (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
( L + nR + nT + nB)− 1
4
(nTL + TR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Br e order ng
subsec_04ineq
W will de ne a pai of net nu bers f D3- ranes ending n a 5-brane. One is the number of D3-
ranes e ding on the 5-bra e from the ri t m us the nu er ending from the left while the other is
the that f D3-bran s en he 5-brane from the top minus the number ending from the bottom.
1. A y D5-branes wi h on ze o et numb rs of D3-br nes are ocated on the righ hand of all the
NS5- ranes an any D5′-branes with non-zero e n mbers of D3-branes are on the op of all
t NS5′-bra s. This c nstr int requires tha we s ould firstly meet the data which cannot be
escri e by 2 gauge theor , .e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is im osed i
Gaiotto:2008ak
[13] for NS55- a d D5-brane . We impose a similar conditio on NS5′-
and D5′-branes.
2. The linking numbers ar n decr asing fro left to right and from bottom to top. Unless this
c rain s s tisfi d for D5-b a e, he duli spac of oluti ns to Nahm equation w uld
inv lv extra decoupled 3 N = 4 hyp rm ltiple s. As Nahm pole boundary condi ions are
posed from D5′-b ne
Chung:2016pgt
[14], we also i p e a si ilar con traint on the linking numbers of
additional 5-branes. Foll wi g the same lin in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to cond t ons in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
wher NH is the umber of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultipl ts. When hese c ndi ion are b yed at ach node, the (0, 4) quiver gauge theories
will be go or balanced.
28
Figure 13: Single box of N D3-bran s and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) bou dary condition in subsection
subsec_04BC1
2.2.1, this leads to 0, 4) U(N) vec or multiplet.
Withou a y atte c tent, 0, 4 U(N) vec or multiplet is anomalous.
To obtain gauge y fr e theory from n n-periodic configuration, one c n dd adjacent D3-
b a es i (x2, x6) pla e. e nTL, nT , TR, L, nR, nBL, nB , nBR be th numbers of D3-branes
displa d i t e nei hboring infinit egi ns i top-left, top, top-right, left, right, bottom-left, bottom
and bo to -right (se Figur
fig_singl box
13). From the dic ionary (
dic_box
3.37) of brane box, horizontally aligned nL
a nR D3- r n s i tr duce nL and nR (0,4) fu amental hype multiplets, vertically aligned nT and
B D3-b s provide nT nd B (0, 4) fun e al twisted hypermultiplets, and diagonally aligned
TL, TR, b and nBR 3- ra s le o TL, TR, b a d BR (0, 2) fundamental Fermi multiplets.
Accordi g to the a omaly contributio (
t_Ano 2
1.40), w find f2su(N) gauge anomaly free condition
N =
1
2
( L + nR + nT + nB)− 1
4
(nTL TR L + nBR). (4.1) brane_anomalry_sun
4.2 Bran ordering
sub c_04ineq
W will define a pair of ne numbers of D3-branes e ding on a 5-brane. O e is th number of D3-
bran s e di g o the 5- r from the ri t minus th nu ber ending fro the f while the other is
e that f D3-bran s on the 5-bran from the op min s th number nding from he bottom.
1. A y D5-brane w th on-ze o et mbers of D3-br nes are l cated on he right hand of all the
NS5-branes a a y D5′-b a es w th non-zer et numbers of D3-b anes ar on the top of all
th NS5′-br es. This c n trai t requires th t we s ould firs ly meet the data which cannot be
descri ed by 2 gauge th ory, i.e. Nahm pole ρ : su(2)→ g and red ced ga ge group H. This
constr int is imposed in
Gaiotto:2008ak
[13] f r NS55- a d D5-branes. W i pose a similar condition on NS5′-
and D5′-branes.
2. The linking n mbers are nond cre sing fr m left to right and from b t m to top. Unless this
c straint is s isfied f r D5-brane, he oduli space of soluti s to Nahm equation would
i v lv xtra de upled 3d N = 4 hyp m ltiplets. A Nahm pole boundary conditions are
i posed from D5′-b ne
Chung:2016pgt
[14], e also i pos a si ila constrain o the linking numbers of
additi al 5-b nes. Followi g same li e in
Gaiotto:2008ak
[13], this co st int on a pair of two NS5-branes
leads o cond tions i 0, 4) U(N) g uge theo y:
H ≥ 2N, T ≥ 2N (4.2) 04scft_constraint
wher NH is th umber o (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these c nditio s are obeyed at each node, the (0, 4) q iv r gaug theories
will e good or balanced.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f c be holomorphic or a i-h lomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
m chanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
an malies. **
Wh n we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge m ltiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box m del
subsec_d3box
2.1 Brane configurations
subs c_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. I this section we will g neralize the e brane configurations to construc 2d N = (0, 4)
supersymmetric gauge th ories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. L QL and QR be the supercharges gen-
erated by left- and right-moving worl -sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstri g theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in hich the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these wo d rections, he world-volum theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fundamental and anti-fundam ntal representations have the same contribution to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gau theory,
global symmetry ay be anomalous. In th IR, the current of he global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in holomorphic or
anti-holomorphic sector of the associated CFT dep nding on t e sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consid r (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. repr sentation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoi t N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoi t −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) br ne box model
subs c_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmet ic
gauge theories. In this section we will generalize these brane configurati ns to construct 2d N = (0, 4)
supersymmetric gauge theories. W consider Type IIB superstring theory i Minkowski spacetime
with time co rdinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB uperstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-bran s with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-v lum s in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) dir ctions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) d rections:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All he bra s share th (x0, x1) d recti ns. We will c ider the case in which th D3-bran s are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klei reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
x789
Figure 13: Higgsing pr cedur s of t e
(
1 1
1 1
)
D5-D5′ junctio . (i) A separation f the D5-bra e. ( i) A
separ ti n f the D5′-brane.
Alternatively, we also have
IV(
1 1
1 1 )
DD′ =
(q
1
2 t−2; q)∞(q
1
2x±; q)∞
(q)2∞
∞∑
n=0
∞∑
m=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞(q1+m; q)2∞
(q
1
2+kt−2; q)∞(q
1
2+n−kt−2; q)∞(q
1
2+mt−2; q)2∞
× q n2 +m2 − k2+m(n−2k)t2k+2mx2n−4k. (5.21)
The sum begins with the square of half-index II4d U(1)D′ nd the extra ermi index. This would be
associated to the Higgsing process that separates the D5-brane (see Figure 13 .
5.2.2
(
2 2
2 2
)
and
(
2 2
2 2
)
The next step is the ( 2 22 2 ) NS5- S5
′ junction. The ( 2 22 2 ) NS5-NS5
′ juncti n has U(2)1 × U(2)2
× U(2)3 × U(2)4 gauge symmetry with U(2)1, U(2)2, U(2)3 and U(2)4 being the gauge groups
corresponding to the upper left, lower left, upper right and lower right quadrant D3-branes respec-
tively. The matter fields are the two 3d N = 4 bi-fundamental hypers transforming as (2,1,2,1) ⊕
(2,1,2,1) and as (1,2,1,2) ⊕ (1,2,1,2), two 3d N = 4 bi-fundame tal twisted hypers transf rm-
ing as (2,2,1,1) ⊕ (2,2,1,1) and as (1,1,2,2) ⊕ (1,1,2,2), two bi-fundamental Fermi multiplets
transforming as (2,1,1,2) ⊕ (2,1,1,2) and as (1,2,2,1) ⊕ (1,2,2,1) and cross-determinant Fermi
multiplet transforming as (det, det−1, det−1, det). The cross-determinant Fermi multiplet has the
fivebrane charge +2.
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The quarter-index for the ( 2 22 2 ) NS5-NS5
′ junction is evaluated as
IV(
2 2
2 2 )
NN ′ =
1
2
(q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
1
2
(q)2∞
∮ 4∏
i=3
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
× 1
2
(q)2∞
∮ 6∏
i=5
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
1
2
(q)2∞
∮ 8∏
i=7
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
×
2∏
i=1
4∏
j=3
6∏
k=5
8∏
l=7
(
q
1
2 s±i s
∓
l ; q
)
∞
·
(
q
1
2 s±k s
∓
j ; q
)
∞
·
(
q
1
2 s±1 s
±
2 s
±
7 s
±
8 s
∓
3 s
∓
4 s
∓
5 s
∓
6 x
±2; q
)
∞(
q
1
4 ts±i s
∓
k ; q
)
∞
·
(
q
1
4 ts±j s
∓
l ; q
)
∞
·
(
q
1
4 t−1s±i s
∓
j ; q
)
∞
·
(
q
1
4 t−1s±k s
∓
l ; q
)
∞︸ ︷︷ ︸
II3d HMN
(
si
sk
)
·II3d HMN
(
sj
sl
)
·II3d tHMN
(
si
sj
)
·II3d tHMN
(
sk
sl
)
·F
(
q
1
2
si
sl
)
·F
(
q
1
2
sk
sj
)
·F
(
q
1
2
s1s2s7s8
s3s4s5s6
x2
)
= 1 + 2(t−2 + t2)q
1
2 + (1 + 5t−4 + 5t4)q
+ (8t−6 + 8t6 − x−2 − x2 − t−4x−2 − t−4x2 − t4x−2 − t4x2)q 32 + · · · (5.22)
Under S-duality the ( 2 22 2 ) NS5-NS5
′ junction maps to the ( 2 22 2 ) D5-D5
′ junction. There is a whole
4d N = 4 U(2) gauge theory which couples to the 3d N = 4 fundamental hypermultiplet and to the
3d N = 4 fundamental twisted hypermultiplet. The junction involves the neutral Fermi multiplet
arising from the D5-D5′ string.
The quarter-index for the ( 2222 ) D5-D5
′ junction is
IV(
2 2
2 2 )
DD′ =
1
2
(q)4∞
(q
1
2 t2; q)2∞(q
1
2 t−2; q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(2)
(q
1
2x2; q)∞(q
1
2x−2; q)∞︸ ︷︷ ︸
F (q
1
2 x2)
×
2∏
i=1
(
q
3
4 t−1six; q
)
∞
(
q
3
4 t−1s−1i x
−1; q
)
∞(
q
1
4 tsix; q
)
∞
(
q
1
4 ts−1i x−1; q
)
∞︸ ︷︷ ︸
I3d HM(six)
(
q
3
4 tsix
−1; q
)
∞
(
q
3
4 ts−1i x; q
)
∞(
q
1
4 t−1six−1; q
)
∞
(
q
1
4 t−1s−1i x; q
)
∞︸ ︷︷ ︸
I3d tHM(six−1)
= 1 + 2(t−2 + t2)q
1
2 + (1 + 5t−4 + 5t4)q
+ (8t−6 + 8t6 − x−2 − x2 − t−4x−2 − t−4x2 − t4x−2 − t4x2)q 32 + · · · (5.23)
It appears that the quarter-indices (5.22) and (5.23) coincide.
5.2.3
(
N N
N N
)
and
(
N N
N N
)
The generalization to the (N NN N ) NS5-NS5
′ junction and (N NN N ) D5-D5
′ junction is straightforward.
For the (N NN N ) NS5-NS5
′ the gauge symmetry is U(N)1 × U(N)2 × U(N)3 × U(N)4 where U(N)1,
U(N)2, U(N)3 and U(N)4 respectively corresponds to the upper left, lower left, upper right and
lower right D3-branes. The junction involves the two 3d N = 4 bi-fundamental hypers transforming
as (N,1,N,1) ⊕ (N,1,N,1) and as (1,N,1,N) ⊕ (1,N,1,N), two 3d N = 4 bi-fundamental
twisted hypers transforming as (N,N,1,1) ⊕ (N,N,1,1) and as (1,1,N,N) ⊕ (1,1,N,N), two
bi-fundamental Fermi multiplets transforming as (N,1,1,N) ⊕ (N,1,1,N) and as (1,N,N,1) ⊕
(1,N,N,1) and cross-determinant Fermi multiplet transforming as (det, det−1, det−1, det) with the
fivebrane charge +2.
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The quarter-index for the (N NN N ) NS5-NS5
′ junction takes the form
IV(
N N
N N )
NN ′ =
1
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i=1
dsi
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(5.24)
The S-dual (N NN N ) D5-D5
′ junction is described by the 4d N = 4 U(N) gauge theory coupled to
the 3d N = 4 fundamental hypermultiplet and to the 3d N = 4 fundamental twisted hypermultiplet
as well as the neutral Fermi multiplet arising from the D5-D5′ string.
The quarter-index for the (NNNN ) D5-D5
′ junction is
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The quarter-indices (5.24) and (5.25) are expected to give the same answer.
The resulting duality conjecture in the 4d-3d-2d systems from the (N NN N ) NS5-NS5
′ junction and
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
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(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
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The half-indices (
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The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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The half-indices (
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The half-index for NS5′-type interface b twe n U(4) gauge theory nd U(1) gauge theory is
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(1.28) 4du4u1_hindex
This coincides with the half- ndex for D5-type interface b twe n U(1) and U(4) gauge theories:
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The half-indices (
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The half-index for NS5′-type interface b twe n U(N) gauge theory nd U(1) gauge theory is
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This will coincide with the half- ndex for D5-type interface b twe n U(1) and U(N) g uge theories:
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The half-indices (
4du4u1_hindex
1.28) and (
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
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This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
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The half-indices (
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The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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The half-indices (
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The half-index for NS5′-typ int rface between U(4) g uge theory and U(1) gauge theory is
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This coincides w th the half-index for D5-typ int rface between U(1) and U(4) gauge theories:
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The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q) (q
5
2+nt6; q)∞
(q
1
2 2 (q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-typ int rface between U(N) g uge theory and U(1) gauge theory is
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This will coincide w th the half-index for D5-typ int rface between U(1) nd U(N) gauge theories:
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The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
7
The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
( )4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞( 2t4; )∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
( 1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
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N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
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Figure 14: The quiver diagrams for the dual 4d-3d-2d systems resulting from the
(
N N
N N
)
NS5-NS5′
and D5-D5′ junctions.
(N NN N ) D5-D5
′ junction is summarized as follows:
4d N = 4 U(N)1 × U(N)2 × U(N)3 × U(N)4 SYM w/ b.c. (N ,N ′)
+3d N = 4 bi-fund. hypers H(1) as (N,1,N,1) ⊕ (N,1,N,1) w/ b.c. N ′
+3d N = 4 bi-fund. hypers H(2) as (1,N,1,N) ⊕ (1,N,1,N) w/ b.c. N ′
+3d N = 4 bi-fund. twisted hypers T(1) as (N,N,1,1) ⊕ (N,N,1,1) w/ b.c. N
+3d N = 4 bi-fund. twisted hypers T(2) as (1,1,N,N) ⊕ (1,1,N,N) w/ b.c. N
+2d bi-fund. Fermi’s Γ(1) as (N,1,1,N) ⊕ (N,1,1,N)
2d bi-fund. Fermi’s Γ(2) as (1,N,N,1) ⊕ (1,N,N,1)
+2d cross-det. Fermi Ξ as (det, det−1, det−1, det)
↔

4d N = 4 U(N) SYM
+3d N = 4 fund. hypers H
+3d N = 4 fund. twisted hypers T
+2d neutral Fermi Λ
(5.26)
The corresponding quiver diagram is depicted in Figure 14. 12 The orange objects represent 4d N = 4
SYM theories. The blue and green lines stand for 3d N = 4 hypers and twisted hypers respectively.
The red bold and dotted lines describe 2d charged and neutral Fermi multiplets respectively.
5.3
(
N 2N
0 N
)
and
(
0 N
2N N
)
5.3.1
(
1 2
0 1
)
and
(
0 1
1 2
)
Let us consider the NS5-NS5′ and D5-D5′ junction for which three of four quadrants are filled by
the D3-branes. In this case there are three 4d N = 4 gauge theories, each defined in the appropriate
quadrant.
As an example, we examine the ( 1 20 1 ) NS5-NS5
′ junction. This includes three corners of 4d N = 4
U(1)1, U(2) and U(1)2 gauge theories where the U(1)1 and U(1)2 are associated to the upper left
and lower right D3-branes. There are the 3d N = 4 bi-fundamental hyper, 3d N = 4 bi-fundamental
twisted hyper, the diagonal Fermi multiplet, and the cross-determinant Fermi multiplet. They have
12See also [16] for the notation.
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the charges as follows:
U(1)1 U(1)2 U(2)
3d N = 4 hyper H + 0 2
3d N = 4 twisted hyper T 0 + 2
2d Fermi multiplet Γ + − 0
2d Fermi multiplet Ξ + + det−1
(5.27)
The quarter-index for the ( 1 20 1 ) NS5-NS5
′ junction is evaluated as
IV(
1 2
0 1 )
NN ′ = (q)∞
∮
ds1
2piis1︸ ︷︷ ︸
IV4d U(1)NN′
1
2
(q)2∞
∮ 3∏
i=2
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
(q)∞
∮
ds4
2piis4︸ ︷︷ ︸
IV4d U(1)NN′
×
3∏
i=2
(
q
1
2
s1
s4
; q
)
∞
(
q
1
2
s4
s1
; q
)
∞
·
(
q
1
2
s1s4
s2s3
x; q
)
∞
(
q
1
2
s2s3
s1s4
x−1; q
)
∞(
q
1
4 t s1si
)
∞
(
q
1
4 t sis1
)
∞
·
(
q
1
4 t−1 sis4
)
∞
(
q
1
4 t−1 s4si
)
∞︸ ︷︷ ︸
II3d HMN
(
s1
si
)
·II3d tHMN
(
si
s4
)
·F
(
q
1
2
s1
s4
)
·F
(
q
1
2
s1s4
s2s3
x
)
. (5.28)
Under S-duality we obtain the ( 0 11 2 ) D5-D5
′ junction. This has no surviving gauge symmetry at
the junction. The D5- and D5′-branes will impose the Dirichlet boundary condition D and D′ for 4d
N = 4 U(1) gauge theories in x6 > 0 and in x2 < 0 respectively.
In fact we find that the quarter-index (5.28) for the ( 1 20 1 ) NS5-NS5
′ junction matches with the
follwing quarter-index for the mirror ( 0 11 2 ) D5-D5
′ junction:
IV(
0 1
1 2 )
DD′ =
(q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
(q)∞
(q
1
2 t−2; q)∞︸ ︷︷ ︸
II4d U(1)D′
(qx; q)∞(qx−1; q)∞. (5.29)
5.3.2
(
2 4
0 2
)
and
(
0 2
2 4
)
Consider the ( 2 40 2 ) NS5-NS5
′ junction and ( 0 22 4 ) D5-D5
′ junction. For ( 2 40 2 ) NS5-NS5
′ junction, there
are three corners of 4d N = 4 U(2)1, U(4) and U(2)2. There are the 3d N = 4 bi-fundamental
hypermultiplet transforming as (2,4,1) ⊕ (2,4,1), 3d N = 4 bi-fundamental twisted hypermultiplet
transforming as (1,4,2) ⊕ (1,4,2), the diagonal Fermi transforming as (2,1,2) ⊕ (2,1,2) and the
cross-determinant Fermi multiplet transforming as (det,det−1,det).
We can then compute the quarter-index for ( 2 40 2 ) NS5-NS5
′ junction as
IV(
2 4
0 2 )
NN ′ =
1
2
(q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
1
4!
(q)4∞
∮ 6∏
i=3
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(4)NN′
1
2
(q)2∞
∮ 8∏
i=7
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(2)NN′
×
2∏
i=1
6∏
k=3
8∏
j=7
(
q
1
2
si
sj
; q
)
∞
(
q
1
2
sj
si
; q
)
∞
·
(
q
1
2
s1s2s7s8
s3s4s5s6
x; q
)
∞
(
q
1
2
s3s4s5s6
s1s2s7s8
x−1; q
)
∞(
q
1
4 t sisk
)
∞
(
q
1
4 t sksi
)
∞
·
(
q
1
4 t−1 sksj
)
∞
(
q
1
4 t−1 sjsk
)
∞︸ ︷︷ ︸
II3d HMN
(
si
sk
)
·II3d tHMN
(
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sj
)
·F
(
q
1
2
si
sj
)
·F
(
q
1
2
s1sss7s8
s3s4s5s6
x
)
. (5.30)
The S-dual ( 0 22 4 ) D5-D5
′ junction has no gauge symmetry. This configuration includes 4d N = 4
U(2) gauge theory in x2 < 0 and 4d N = 4 U(2) gauge theory in x6 > 0 obeying the Nahm pole
boundary conditions.
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The quarter-index (5.30) appears to coincide with the following quarter-index for the ( 0 22 4 ) D5-D5
′
junction:
IV(
0 2
2 4 )
DD′ =
(q)∞(q
3
2 t2; q)∞
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
II4d U(2)Nahm
(q)∞(q
3
2 t−2; q)∞
(q
1
2 t−2; q)∞(qt−4; q)∞︸ ︷︷ ︸
II4d U(2)
Nahm′
(q
3
2x; q)∞(q
3
2x−1; q)∞. (5.31)
5.3.3
(
N 2N
0N
)
and
(
0N
N 2N
)
Now we would like to give the generalization for the duality between the (N 2N0 N ) NS5-NS5
′ junction
and ( 0 NN 2N ) D5-D5
′ junction.
The (N 2N0 N ) NS5-NS5
′ junction has three gauge symmetry factors U(N)1, U(2N) and U(N)2
which come from the three corners of 4d N = 4 gauge theories. It has the 3d N = 4 bi-fundamental
hypermultiplet transforming as (N,2N,1) ⊕ (N,2N,1), the 3d N = 4 bi-fundamental twisted
hypermultiplet transforming as (1,2N,N) ⊕ (1,2N,N), the diagonal Fermi multiplet transforming
as (N,1,N) ⊕ (N,1,N) and the cross-determinant Fermi multiplet transforming as (det,det−1,det).
The quarter-index for (N 2N0 N ) NS5-NS5
′ junction takes the form
IV(
N 2N
0 N )
NN ′ =
1
N !
(q)N∞
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dsi
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i 6=j
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)
∞︸ ︷︷ ︸
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)
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× 1
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)
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)
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·
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)
∞
(
q
1
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)
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.
(5.32)
Although the expression (5.32) for the (N 2N0 N ) NS5-NS5
′ junction is complicated as it is given
by the contour integral over 4N gauge fugacities, the quarter-index for the S-dual ( 0 NN 2N ) D5-D5
′
junction should be extremely simple as there is no gauge symmetry. There will be two types of Nahm
pole boundary conditions required by the D5- and D5′-branes which are specified by embeddings ρ :
su(2) → u(N) and ρ′ : su(2) → u(N).
We expect that the quarter-index for the ( 0 NN 2N ) D5-D5
′ junction is given by ( 0 NN 2N ) D5-D5
′
junction:
IV(
0 N
N 2N )
DD′ =
N∏
k=1
(
q
k−1
2 t2(k−1); q
)
∞(
q
k
2 t2k; q
)
∞︸ ︷︷ ︸
II4d U(N)Nahm
N∏
k=1
(
q
k−1
2 t−2(k−1); q
)
∞(
q
k
2 t−2k; q
)
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II4d U(N)
Nahm′
(q
N+1
2 x; q)∞(q
N+1
2 x−1; q)∞. (5.33)
and this will be equal to the quarter-index (5.32) for the (N 2N0 N ) NS5-NS5
′ junction. The brane
configuration is shown in Figure 15
72
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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mecha ism. In
Gadde:2013lxa
[12] the addition of app opriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution fr m bulk fields. Th y have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize th se brane configurations to construct 2d N = (0, 4)
supersymmetric gau e theories. We consi er Type IIB superstring theory in Minkowski spacetime
with time coordina e x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sh et de rees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduc NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, 1 x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-br nes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these wo directions, the world-volume theories on the D3-branes therefore are macroscopically two
d mensional.
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the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type I B s tring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes wit world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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This coincides with the half-index for D5-type interface between U(1) and U(4) gauge heories:
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The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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This will coi cide with he half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2
(q
1
2 ; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
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k+1
t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
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N
2
+1
2 t2(
N
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N
2
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2 t2(
N
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(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indice (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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Figure 15: The
(
N 2N
0 N
)
NS5-NS5′ junction and
(
0 N
2N N
)
D5-D5′ junction with three quadrants of D3-
branes.
5.4
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M
NM
)
and
(
N N
MM
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5.4.1
(
1 2
1 2
)
and
(
1 1
2 2
)
Let us examine the case with all the quadrants filled by some different numbers of D3-branes.
Consider the ( 1 21 2 ) NS5-NS5
′ junction. This has four 4d N = 4 U(1)1, U(1)2, U(2)3 and U(2)4
gauge theories where subscripts 1, 2, 3, 4 indicate upper left, lower left, upper right and lower right
quadrants respectively. Each of them obeys a pair of boundary conditions N and N ′. The matter
content consists of the two 3d N = 4 bi-fundamental hypermultiplets H(1), H(2) with the Neumann
boundary conditionN ′, two 3dN = 4 bi-fundamental twisted hypermultiplets T(1), T(2) with the Neu-
mann boundary condition N , the two diagonal Fermi multiplets Γ(1), Γ(2) and the cross-determinant
Fermi multiplet Ξ. They have charges as follows:
U(1)1 U(1)2 U(2)3 U(2)4
3d N = 4 hyper H(1) + 0 2 0
3d N = 4 hyper H(2) + 0 0 2
3d N = 4 twisted hyper T(1) + − 1 1
3d N = 4 twisted hyper T(2) 0 0 2 2
2d Fermi multiplet Γ(1) + 0 0 2
2d Fermi multiplet Γ(2) 0 − 2 0
2d Fermi multiplet Ξ + − det−1 det
(5.34)
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The quarter-index for the ( 1 21 2 ) NS5-NS5
′ junction is then expresses as
IV(
1 2
1 2 )
NN ′ = (q)∞
∮
ds1
2piis1︸ ︷︷ ︸
IV4d U(1)NN′
(q)∞
∮
ds2
2piis2︸ ︷︷ ︸
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1
2
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i=3
dsi
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∏
i6=j
(
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sj
; q
)
∞︸ ︷︷ ︸
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2
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)
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∓
i ; q
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)
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q
1
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∓
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)
∞︸ ︷︷ ︸
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(
s2
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)
1(
q
1
4 t−1s±1 s
∓
2 ; q
)
∞︸ ︷︷ ︸
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(
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)
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q
1
4 t−1s±i s
∓
k ; q
)
∞︸ ︷︷ ︸
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(
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)
×
4∏
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(
q
1
2 s±1 s
∓
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)
∞︸ ︷︷ ︸
F
(
q
1
2
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)
(
q
1
2 s±2 s
∓
i ; q
)
∞︸ ︷︷ ︸
F
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q
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)
(
q
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2 s±1 s
±
5 s
±
6 s
∓
2 s
∓
3 s
∓
4 x
±; q
)
∞︸ ︷︷ ︸
F
(
q
1
2
s1s5s6
s2s3s4
x
)
= 1 + 2(t−2 + t2)q
1
2 + (−1 + 4t−4 + 3t4)q − t−3x(1 + t4)(1 + x2)q 54
+ t−6(6− 2t4 − t8 + 4t12)q 32 − t−5x(2 + t4 + 2t8)(1 + x2)q 74 + · · · (5.35)
The S-dual is the ( 1 12 2 ) D5-D5
′ junction. The initial 4d N = 4 U(2) gauge symmetry in the
half-space x2 < 0 is broken to U(1) at the boundary and identified with the U(1) gauge symmetry
in the half-space x2 > 0. Similarly, we take one of the two 3d N = 4 hypermultiplets introduced
by the D5 interface at x2 < 0 and identify it with the single hypermultiplet at x2 > 0. The other
hypermultiplet gets Dirichlet boundary conditions.
Then the quarter-index for the dual ( 1 12 2 ) D5-D5
′ junction reads
IV(
1 1
2 2 )
DD′ =
(q)2∞(
q
1
2 t2; q
)
∞
(
q
1
2 t−2; q
)
∞
∮
ds
2piis︸ ︷︷ ︸
I4d U(1)
(q)∞
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1
2 t−2; q)∞︸ ︷︷ ︸
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3
4 t−1x; q)∞(q
3
4 t−1x−1; q)∞︸ ︷︷ ︸
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× (q
3
4 t−1s; q)∞(q
3
4 t−1s−1; q)∞
(q
1
4 ts; q)∞(q
1
4 ts−1; q)∞︸ ︷︷ ︸
I3d HM
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)
∞
(
qs−1x; q
)
∞(
q
1
2 t−2sx−1; q
)
∞
(
q
1
2 t−2s−1x; q
)
∞
= 1 + 2(t−2 + t2)q
1
2 + (−1 + 4t−4 + 3t4)q − t−3x(1 + t4)(1 + x2)q 54
+ t−6(6− 2t4 − t8 + 4t12)q 32 − t−5x(2 + t4 + 2t8)(1 + x2)q 74 + · · · (5.36)
We see that the quarter-index (5.35) for the ( 1 21 2 ) NS5-NS5
′ junction beautifully matches with
the quarter-index (5.36) for the dual ( 1 12 2 ) D5-D5
′ junction.
The quarter-index (5.36) can be evaluated as the sum of residues at poles s = q
1
4+nt and s =
q
1
2+nt−2x
IV(
1 1
2 2 )
DD′ =
(q)∞
(q
1
2 t−2; q)∞
(q
3
4 t−1x±; q)∞ · (q 34 t−1x; q)∞(q 14 tx−1; q)∞︸ ︷︷ ︸
F (q
3
4 t−1x)
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1
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1
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3
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∞∑
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]
. (5.37)
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5.4.2
(
1 3
1 3
)
and
(
1 1
3 3
)
The next example is the ( 1 31 3 ) NS5-NS5
′ junction and ( 1 13 3 ) D5-D5
′ junction. The ( 1 31 3 ) NS5-NS5
′
junction has four 4d N = 4 U(1)1, U(1)2, U(3)3 and U(3)4 gauge theories which live in upper left,
lower left, upper right and lower right quadrants respectively. The junction contains the two 3d
N = 4 bi-fundamental hypermultiplets with the Neumann boundary condition N ′, two 3d N = 4
bi-fundamental twisted hypermultiplets with the Neumann boundary condition N , the two diagonal
Fermi multiplets and the cross-determinant Fermi multiplet.
The quarter-index of the ( 1 31 3 ) NS5-NS5
′ junction is expressed as
IV(
1 3
1 3 )
NN ′ = (q)∞
∮
ds1
2piis1︸ ︷︷ ︸
IV4d U(1)NN′
(q)∞
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ds2
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∞︸ ︷︷ ︸
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∓
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5∏
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)
∞︸ ︷︷ ︸
F
(
q
1
2
s1
∏
sk
s2
∏
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x
)
= 1 + 2(t−2 + t2)q
1
2 + (−1 + 4t−4 + 3t4)q + (7t−6 − t2 + 4t6 − x−1 − x− t−4x−1 − t−4x)q 32 + · · ·
(5.38)
The S-dual is the ( 1 13 3 ) D5-D5
′ junction. We can compute the quarter-index of the ( 1 13 3 ) D5-D5
′
junction as
IV(
1 1
3 3 )
DD′ =
(q)2∞(
q
1
2 t2; q
)
∞
(
q
1
2 t−2; q
)
∞
∮
ds
2piis︸ ︷︷ ︸
I4d U(1)
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3
2 t−2; q)∞
(q
1
2 t−2; q)∞(qt−4; q)∞︸ ︷︷ ︸
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q
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1
2 + (−1 + 4t−4 + 3t4)q + (7t−6 − t2 + 4t6 − x−1 − x− t−4x−1 − t−4x)q 32 + · · ·
(5.39)
We have numerically checked that the quarter-index (5.38) matches with the quarter-index (5.39), as
expected.
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5.4.3
(
1N
1N
)
and
(
1 1
N N
)
The quarter-index of the ( 1 N1 N ) NS5-NS5
′ junction is
IV(
1 N
1 N )
NN ′ = (q)∞
∮
ds1
2piis1︸ ︷︷ ︸
IV4d U(1)NN′
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IV4d U(N)NN′
1
N !
(q)N∞
∮ 2+2N∏
i=3+N
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
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∞︸ ︷︷ ︸
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. (5.40)
The quarter-index for the S-dual ( 1 1N N ) D5-D5
′ junction is expressed as the contour integral form:
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1 1
N N )
DD′ =
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We expect that the quarter-indices (5.40) and (5.41) coincide. We can evaluate the integral in (5.41)
by taking the sum of the residues of the integrand at two sets of poles s = q
1
4+mt and s = q
N
4 +mt−N .
We obtain
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.
(5.42)
This generalizes the formula (5.19) and (5.37).
Inserting a Wilson line Wn of charge n modifies the quarter-index (5.42) for the ( 1 1N N ) D5-D5′
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junction as
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Again we can evaluate the contour integral (5.43) by summing over the residues at poles s = q
1
4+mt
and s = q
N
4 +mt−N , we find that
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.
(5.44)
It would be interesting to explore further dualities with the insertion of the line operators, but we
defer the relevant problems to future work.
5.4.4
(
2 3
2 3
)
and
(
2 2
3 3
)
Next, we compare the ( 2 32 3 ) NS5-NS5
′ junction and the ( 2 23 3 ) D5-D5
′ junction. This is the simplest
non-Abelian example. For the ( 2 32 3 ) NS5-NS5
′ junction there are four 4d N = 4 U(2)1, U(2)2, U(3)3
and U(3)4 gauge theories at upper left, lower left, upper right and lower right quadrants respectively.
The matter content is the two 3d N = 4 bi-fundamental hypermultiplets with the Neumann boundary
condition N ′, two 3d N = 4 bi-fundamental twisted hypermultiplets with the Neumann boundary
condition N , the two diagonal Fermi multiplets and the cross-determinant Fermi multiplet.
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The quarter-index of the ( 2 32 3 ) NS5-NS5
′ junction is
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The quarter-index for the ( 1 13 3 ) D5-D5
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The quarter-index (5.45) for the ( 2 32 3 ) NS5-NS5
′ junction and the quarter-index (5.46) for the
( 2 23 3 ) D5-D5
′ junction appear to coincide.
5.4.5
(
N M
NM
)
and
(
N N
MM
)
Now we would like to propose the generalization for the duality between the (N MN M ) NS5-NS5
′ junction
and the ( N NM M ) D5-D5
′ junction.
In the (N MN M ) NS5-NS5
′ junction, we have four 4d N = 4 U(N)1, U(N)2, U(M)3 and U(M)4
gauge theories with the boundary conditions N and N ′ at the upper left, lower left, upper right
and lower right quadrants respectively. The matter content is the two 3d N = 4 bi-fundamental
hypermultiplets with the Neumann boundary condition N ′, two 3d N = 4 bi-fundamental twisted
hypermultiplets with the Neumann boundary condition N , the two diagonal Fermi multiplets and
the cross-determinant Fermi multiplet.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
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2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
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All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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For general (N ML K ) NS5
′-D5 junction, the quarter-index will take the form
IV(
N M
L K )
N ′D =
1
min(N,M)!
(q)
min(N,M)
∞
(q
1
2 t2; q)
min( ,M)
∞
∮ min(N,M)∏
i=1
dsi
2πisi
∏
̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(min(N,M))N ′
×
|N−M |∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(|N −M|)N ′D
min(N,M)∏
i=1
(
q
1
2 six; q
)
∞
(
q
1
2 s−1i x
−1; q
)
∞
(q
1
4+
|N−M|
4 t1+|N−M |six; q)∞(q
1
4+
|N−M|
4 t1+|N−M |s−1i x−1; q)∞
× 1
min(L,K)!
(q)
min(L,K)
∞
(q
1
2 t2; q)
min(L,K)
∞
∮ min(N,M)+min(L,K)∏
i=min(N,M)+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(min(L,K))N ′
×
|L−K|∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(|L −K|)N ′D
min(L,K)∏
i=1
(
q
1
2 six
−1; q
)
∞
(
q
1
2 s−1i x; q
)
∞
(q
1
4+
|L−K|
4 t1+|L−K|six−1; q)∞(q
1
4+
|L−K|
4 t1+|L−K|s−1i x; q)∞
×
min(N,M)∏
i=1
min(N,M)+min(L,K)∏
k=min(N,M)+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
(3.25) ndNNNN
3.2 NS5-NS5′ and D5-D5′ junctions
sec_nnddjunction
The NS5-NS5′ junction and D5-D5′ interfaces are more constrained by anomaly cancellation. Let
us consider the ( 1 10 0 ) NS5-NS5
′ junction. It involves a 3d bi-fundamental hyper obeying Neumann
boundary conditions together with the cross-determinant Fermi multiplet. The quarter index for
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For ge era ( ML K ) NS5
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sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(min(L,K))N ′
×
L− |
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U( L −K|)N ′D
min(L,K)∏
i=1
(
q
1
2 six
−1; q
)
∞
(
q
1
2 s−1i x; q
)
∞
(q
1+
|L−K|
4 t1+ L−K|six−1; )∞(q
1+
|L−K|
4 t1+ L K|s−1i x; q)∞
×
min(N,M)∏
i=1
min(N,M)+min(L,K)∏
k=min(N,M)+1
(
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
(3.25) ndNNNN
3.2 NS -NS5′ and -D5′ ju ctions
sec_nnddjunction
The -NS5′ junction and D5-D5′ int rf c s are m re constr ined by anom ly cancellation. Let
us consid r the ( 1 10 0 ) -NS5
′ ju ction. It involves a 3d bi-fundamental hyper obeying Neumann
boundary conditi ns t gether with the c oss-determinant F rmi mult plet. The quarter index for
( 1 10 0 ) -NS5
′ ju ction is
IV(
1 1
0 0 )
NN ′ = (q)∞
∮
ds1
2πis1︸ ︷︷ ︸
IV4d U(1)NN ′
(q)∞
∮
ds2
2πis2︸ ︷︷ ︸
IV4d U(1)NN ′
(
q
1
2
s1
s2
x; q
)
∞
(
q
1
2
s2
s1
x−1; q
)
∞(
q
1
4 t s1s2x; q
)
∞
(
q
1
4 t s2s1x
−1; q
)
∞︸ ︷︷ ︸
II3d HMN
(
s1
s2
)
·F
(
q
1
2
s1
s2
x
)
(3.26) nn1100
This coincides with
(q)∞
(q
1
2 t2; q)∞︸ ︷︷ ︸
II4d U(1)D
(q
3
4 tx; )∞(q
3
4 tx−1; q)∞︸ ︷︷ ︸
II3d tHMD (x)
. (3.27) dd0101
23
Figure 16: The
(
N M
NM
)
NS5-NS5′ junction and
(
N N
MM
)
D5-D5′ junction with four quadrants of D3-
branes.
We can compute the quarter-index for the (N MN M ) NS5-NS5
′ junction as
IV(
N M
N M )
NN ′ =
1
N !
(q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(N)NN′
1
N !
(q)N∞
∮ 2N∏
i=N+1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(N)NN′
× 1
M !
(q)M∞
∮ 2N+M∏
i=2N+1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(M)NN′
1
M !
(q)M∞
∮ 2N+2M∏
i=2N+M+1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞︸ ︷︷ ︸
IV4d U(M)NN′
×
N∏
i=1
2N∏
j=N+1
2N+M∏
k=2N+1
2N+2M∏
l=2N+M+1
1(
q
1
4 ts±i s
∓
k ; q
)
∞︸ ︷︷ ︸
II3d HMN
(
si
sk
)
1(
q
1
4 ts±j s
∓
l ; q
)
∞︸ ︷︷ ︸
II3d HMN
(
sj
sl
)
1(
q
1
4 t−1s±i s
∓
j ; q
)
∞︸ ︷︷ ︸
II3d tHMN
(
si
sj
)
1(
q
1
4 t−1s±k s
∓
l ; q
)
∞︸ ︷︷ ︸
II3d tHMN
(
sk
sl
)
×
N∏
i=1
2N∏
j=N+1
2N+M∏
k=2N+1
2N+2M∏
l=2N+M+1
(
q
1
2 s±i s
∓
l ; q
)
∞︸ ︷︷ ︸
F
(
q
1
2
si
sl
)
(
q
1
2 s±j s
∓
k ; q
)
∞︸ ︷︷ ︸
F
(
q
1
2
sj
sk
)
(
q
1
2
∏
s±i
∏
k
s±l
∏
s∓j
∏
k
s∓k x
±; q
)
∞︸ ︷︷ ︸
F
(
q
1
2
∏
si
∏
sl∏
sj
∏
sk
x
)
.
(5.47)
According to the presence of the D5- and D5′-branes, the S-dual ( N NM M ) D5-D5
′ junction has
a smaller U(min(N,M)) gauge group surviving at the junction. When the difference of N and M
is equal to one, the gauge theory with higher rank obeys the Dirichlet boundary condition D′ and
the extra 3d N = 4 hypermultiplet in x2 < 0 receives the Dirichlet boundary condition D′. When
the difference is larger than one, the gauge theory with higher rank obeys the Nahm′ boundary
condition associated to a homomorphism ρ : su(2) → u(|N −M |). Correspondingly, the 3d N = 4
hypermultiplet has the Nahm pole boundary condition as we found in (3.35).
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
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receives contribution from bulk fields. They have half of the contributions as those from boundary
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Dimofte:2017tpi
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adjoint N2
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adjoint −N2
gauge multiplet N b.c. adjoint −N
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In
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[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring t eory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-v lumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, 8, x9) dir cti ns, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory a d U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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For N < M the quarter index for
(
0 | N
M
)
Y-junction which leads to the VOA YM,0,N is given by
IV
(
0 | N
M
)
N ′D =
1
M !
(q)M∞
(q
1
t2; q)M∞
∮ M∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N ′D
M∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
(3.58) yM0Nt
This will coincide with the quarter index for
(
N | M
0
)
Y-junction of the VOA Y0,N,M :
IV
(
N | M
0
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
×
M−N∏
i=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(M − N)N ′D
N∏
i=1
1(
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.59) y0NMt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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take the form:
IV
(
M | N
L
)
N ′D =
1
L!
(q)L∞
(q
1
2 t2; q)L∞
∮ L∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(L)N ′
×
L∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
−1
4 tNs−1i ; q
)
∞
×
N−M∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N −M)N ′D
× 1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ L+M∏
i=L+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
L+M∏
i=L+1
1(
q
1
4+
N−M
4 t1+N−Msi; q
)
∞
(
q
1
4+
N−M
4 t1+N−Ms−1i ; q
)
∞
(3.60) yLMNt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge t eory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie alg b a
f can be holomorphic or anti-holomorphic, i.e. left- or right- oving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-brane at singularities the
non-vanishing Abelian gauge an malies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane config rations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this sec ion we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
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gauge theories. In this section we will generalize thes brane configurations to co struct 2d N = (0, 4)
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with time coordinate x0 and space co rdinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-shee egrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) dir ct ons, D5-bran s
with world-volumes in (x0, x1, x2, x7, x8, x9) directi ns, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) irections. According to the Kaluza-Kle n reduction in
these two directions, the world-volume ories n the D3-branes theref re are macro c pically two
dimensional.
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The half-index for NS5′-type int rf ce between U(4) gauge heory and U(1) gauge th ory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index f r D5-type in erface between U(1) and U(4) gaug theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q) (q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞( t4s−1; q)∞
(1.29) 4du4u1_h ndex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type int rf ce between U(N) gauge theory and U(1) gauge th ory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type in erface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; )∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed s
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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For N < M the quart r index for
(
0 | N
M
)
Y-junction which leads to the VOA YM,0,N is given by
IV
(
0 | N
M
)
N ′D =
1
M !
(q)M∞
(q
1
t2; q)M∞
∮ M∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N ′D
M∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
(3.58) yM0Nt
This will coincide with the quarter index for
(
N | M
0
)
Y-junction of the VOA Y0,N,M :
IV
(
N | M
0
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
×
M−N∏
i=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(M − N)N ′D
N∏
i=1
1(
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.59) y0NMt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(N ) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
− c Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polyno ial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundament l hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si − i Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary co dition for gauge field, the gauge anomaly must be
cancelled.
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take the form:
IV
(
M | N
L
)
N ′D =
1
L!
(q)L∞
(q 2 t2; q)L∞
∮ L∏
i=1
si
2πisi
∏
i ̸=j
(
si
sj
; q
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(L)N ′
×
L∏
i=1
(
q
3
4+
N−1
4 tN)si; q
) (
q
3
4+
−1
4 tNs−1i ; q
)
∞
×
N−M∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N −M)N ′D
× 1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ L+M∏
i=L+1
dsi
πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
L+M∏
i=L+1
1(
q
1
4+
N−M
4 t1+N−Msi; q
)
∞
(
q
1
4+
N−M
4 t1+N−Ms−1i ; q
)
∞
(3.60 yLMNt
4 Abelian (0, 4) m rrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N 4 U(Nc) SQCD with f fundamen al hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gaug theory with bi-
fundamental hypermultiplets obeying (N , N) b undary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[− N22 2)(Tr s1) + 1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[− N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 −1 +NiNi+1 Tr si+1 + 2s˜ ]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜ ] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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of YL,M,N [Ψ].
3.3.1 Y0,0,N and YN,0,0
sec_y00N
Consider the
(
0 | 1
0
)
Y-junction. This is the simplest Y-junction where a single D3-brane fills in the
upper right quadrant of the plane. This corresponds to the VOA Y0,0,1 = ĝl(1) Kac-Moody algebra.
The quarter index for
(
0 | 1
0
)
Y-junction is simply
IV
(
0 | 1
0
)
N ′D = IV
4d U(1)
N ′D =
1
(q
1
2 t2; q)∞
, (3.65) y001t
that is the quarter index (
qindex_u1n’d
1.23) for 4d N = 4 U(1) gauge theory with a pair of boundary conditions
N ′ and D.
Another inequivalent Y-junction which is obtained under the S-duality is the
(
0 | 0
1
)
Y-junction
associated with VOA Y1,0,0. It has the 4d N = 4 U(1) gauge theory in a half-space x2 < 0 obeying
the Neumann boundary condition N ′ at x2 = 0. According to the (1, 1) fivebrane in x6 < 0, the
boundary condition is deformed by an unit of Chern-Simons coupling that leads to the 2d gauge
anomaly at the juntion. Such gauge anomaly will be cancelled by the charged Fermi multiplet living
at the junction.
Then the quarter index for the
(
0 | 0
1
)
Y-junction can be evaluated as
IV
(
0 | 0
1
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2πis︸ ︷︷ ︸
II4d U(1)N ′
(q
1
2 s; q)∞(q
1
2 s−1; q)∞︸ ︷︷ ︸
F (q
1
2 s)
=
(q)∞
(q
1
2 t2; q)∞
∮
ds
2πis
1
(q)∞
∑
n∈Z
(−1)nq n
2
2 sn
=
1
(q
1
2 t2; q)∞
(3.66) y100t
This agrees with the quarter-index (
y001t
3.65) for the
(
0 | 1
0
)
Y-junction.
The Wilson lineWn leads to a projection onto corner operators of gauge charge −n. The quarter-
index of the
(
0 | 0
1
)
Y-junction with the Wilson line Wn takes the form
IV
(
0 | 0
1
)
N ′D+Wn =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2πis︸ ︷︷ ︸
II4d U(1)N ′
(q
1
2 s; q)∞(q
1
2 s−1; q)∞︸ ︷︷ ︸
F (q
1
2 s)
sn
=
(−1)nq n22
(q
1
2 t2; q)∞
= (−1)nq n
2
2 IV
(
0 | 1
0
)
N ′D . (3.67) y100twilson
Let us consider the
(
0 | 2
0
)
Y-junction. This is the Y-junction in which only two D3-branes live
at the upper right quadrant of the plane. This corresponds to the VOA Y0,0,2 = W2 algebra. The
quarter index for the
(
0 | 2
0
)
Y-junction is the quarter-index for 4d N = 4 U(2) gauge theory with a
pair of boundary conditions N ′ and D.
IV
(
0 | 2
0
)
N ′D = IV
4d U(2)
N ′D =
1
(q
1
2 t2; q)∞(qt4; q)∞
(3.68) y002t
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Figure 17: The Y-junctions formed by an NS5-brane, a D5-brane and a (1, 1) fivebrane in string
theory (Left). The T-shaped junction as its gauge theory image (Right).
Then one gets the quarter-index for the S-dual ( N NM M ) D5-D5
′ junction
IV(
N N
M M )
DD′ =
1
min(N,M)!
(q)
2 min(N,M)
∞(
q
1
2 t2; q
)min(N,M)
∞
(
q
1
2 t−2; q
)min(N,M)
∞
∮ min(N,M)∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞
(
q sisj ; q
)
∞(
q
1
2 t2 sisj ; q
)
∞
(
q
1
2 t−2 sisj ; q
)
∞︸ ︷︷ ︸
I4d U(min(N,M))
×
|N−M |∏
k=1
(q
k+1
2 t−2(k−1); q)∞
(q
k
2 t−2k; q)∞︸ ︷︷ ︸
II4d U(|N −M|)
Nahm′
q
1
2+
|N−M|
4 t−|N−M |x; q
)
∞
(
q
1
2+
|N−M|
4 t−|N−M |x−1; q
)
∞
×
min(N,M)∏
i=1
(q
3
4 t−1si; q)∞(q
3
4 t−1s−1i ; q)∞
(q
1
4 tsi; q)∞(q
1
4 ts−1i ; q)∞︸ ︷︷ ︸
I3d HM(si)
(
q
3
4+
|N−M|
4 t1−|N−M |s±i x
∓; q
)
∞(
q
1
4+
|N−M|
4 t−1−|N−M |s±i x∓; q
)
∞
. (5.48)
In the second line we have the contributions from the 3d N = 4 hypermultiplets obeying Nahm′
boundary condition, which can be compared with (5.13). In the last line we have the full index for
the 3d N = 4 fundamental hypermultiplets. The quarter-indices (5.47) and (5.48) are expected to
give the same answer. The brane configuration is illustrated in Figure 16.
6 Y-junctions
Now consider a trivalent junction of the NS5′-, D5- and (1, 1)-fivebranes which is obtained by com-
bining the NS5′-brane and D5-brane. The faces of the Y-junction between the NS5′-brane and (1, 1)
fivebrane, between the (1, 1) fivebrane and D5-brane, and the D5-brane and NS5-brane, are filled by
L, M and N D3-branes respectively. We refer to this junction as a Y-junction. From the perspective
of low-energy effective theory on the D3-branes, the Y-junction is described by a junction of the three
distinct fivebrane interfaces, i.e. NS5′-type, D5-type and (1, 1)-type fivebrane interfaces in 4d N = 4
U(L), U(M) and U(N) gauge theories. Although charge conservation in string theory requires that
the (1, 1) fivebrane is constrained to have a slope in the (x2, x6) plane [45], we schematically take the
(1, 1) fivebrane to be represented by a line along x6 so that it c n be viewed as a T-shaped junction
(see Figure 17). This is because the (1, 1) fivebrane introduces boundary conditions analogous to an
NS5′-type junction, but deformed by a unit of boundary Chern-Simons coupling. We represent the
Y-junction shown in Figure 17 by
(
M | N
L
)
.
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An important property of the Y-junction is that the Chern-Simons coupling introduced by the
(1, 1) fivebrane contributes to the 2d gauge anomaly depending on whether the corresponding bound-
ary condition exists in x2 > 0 or x2 < 0 [21]. The Chern-Simons coupling has the same contribution
as the 2d left-handed chiral fermion for the gauge symmetry in x2 ≥ 0. On the other hand, it has
the same contribution as the right-handed chiral fermion for the gauge symmetry in x2 ≤ 0. The
Y-junction includes the NS5′-brane at x2 = 0 which imposes the Neumann boundary condition N ′
for the 3d N = 4 hypermultiplets and the D5-brane at x6 = 0 which requires the Dirichlet boundary
condition D for the 3d N = 4 twisted hypermultiplets. The gauge anomaly at the junction is
b.c. \ location x2 ≥ 0 x2 ≤ 0
3d N = 4 fund. hyper w/ N ′ b.c. −Tr(s2+) none
3d N = 4 fund. twisted hyper w/ D or Nahm b.c. none Tr(s2−)
Chern-Simons coupling Tr(s2+) −Tr(s2−)
(6.1)
where s+ and s− are the curvatures of gauge symmetry groups in the upper and lower half-planes
respectively.
For the gauge symmetry in the upper half-plane, the Neumann boundary condition N ′ for the
3d N = 4 hypermultiplet contributes to the gauge anomaly. It will be canceled by the Chern-
Simons coupling for the Y-junction, whereas it was compensated by an additional fundamental Fermi
multiplet for the NS5′-D5 junction.
For the gauge symmetry in the lower half-plane, the Dirichlet boundary condition or Nahm pole
boundary condition for the 3d N = 4 twisted hypermultiplet contributes to the gauge anomaly.
When the numbers of D3-branes in the upper two quadrants are the same, the junction has an
additional fundamental Fermi multiplet to cancel the gauge anomaly for the gauge symmetry in the
lower half-plane.
Starting from the Y-junctions of the GL-twisted N = 4 SYM theories [46], a four parameter class
of the corner VOA YL,M,N [Ψ] is introduced in [12]. We will find that the quarter-indices for the
Y-junctions of 4d N = 4 SYM theories give enrichments of characters of the corner VOA YL,M,N [Ψ].
The action of S-duality on the gauge theory setup leads to trialities of the Y-junctions in 4d N = 4
SYM theories. We obtain various identities of the quarter-indices which enrich the identities between
the characters of YL,M,N [Ψ].
6.1 Y0,0,N and YN,0,0
6.1.1 Y0,0,1 and Y1,0,0
Consider the
(
0 | 1
0
)
Y-junction. This is the simplest Y-junction where a single D3-brane fills in the
upper right quadrant of the plane. This corresponds to the VOA Y0,0,1 = ĝl(1) Kac-Moody algebra.
The quarter-index for the
(
0 | 1
0
)
Y-junction is simply
IV
(
0 | 1
0
)
N ′D = IV
4d U(1)
N ′D =
1
(q
1
2 t2; q)∞
, (6.2)
that is the quarter-index (2.26) for 4d N = 4 U(1) gauge theory with a pair of boundary conditions
N ′ and D.
Another inequivalent Y-junction which is obtained under S-duality is the
(
0 | 0
1
)
Y-junction defin-
ing the VOA Y1,0,0. It has the 4d N = 4 U(1) gauge theory in a half-space x2 < 0 obeying the Neu-
mann boundary condition N ′ at x2 = 0. According to the (1, 1) fivebrane in x6 < 0, the boundary
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condition is deformed by an unit of Chern-Simons coupling that leads to the negative contribution
for the U(1) gauge symmetry in x2 < 0 as shown in (6.1). Such gauge anomaly will be cancelled by
the charged Fermi multiplet living at the junction.
Then the quarter-index for the
(
0 | 0
1
)
Y-junction can be evaluated as
IV
(
0 | 0
1
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
(q
1
2 s; q)∞(q
1
2 s−1; q)∞︸ ︷︷ ︸
F (q
1
2 s)
=
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis
1
(q)∞
∑
n∈Z
(−1)nq n
2
2 sn
=
1
(q
1
2 t2; q)∞
. (6.3)
This agrees with the quarter-index (6.2) for the
(
0 | 1
0
)
Y-junction.
6.1.2 Y0,0,2 and Y2,0,0
Let us consider the
(
0 | 2
0
)
Y-junction. This is the Y-junction in which only two D3-branes live at the
upper right quadrant of the plane. This corresponds to the VOA Y0,0,2 = W2 algebra. The quarter-
index for the
(
0 | 2
0
)
Y-junction is that for 4d N = 4 U(2) gauge theory with a pair of boundary
conditions N ′ and D.
IV
(
0 | 2
0
)
N ′D = IV
4d U(2)
N ′Nahm =
1
(q
1
2 t2; q)∞(qt4; q)∞
. (6.4)
Under S-duality, the
(
0 | 2
0
)
Y-junction maps to the
(
0 | 0
2
)
Y-junction which defines the VOA
Y2,0,0. This has the 4d N = 4 U(2) gauge theory in x2 < 0 with the Neumann boundary condition
N ′. It also contains a fundamental Fermi multiplet which cancels the gauge anomaly induced from
the Chern-Simons coupling associated to the (1, 1) fivebrane.
The quarter-index for the
(
0 | 0
2
)
Y-junction is given by
IV
(
0 | 0
2
)
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
2∏
i=1
(q
1
2 si; q)∞(q
1
2 s−1i ; q)∞︸ ︷︷ ︸
F (q
1
2 si)
. (6.5)
It turns out that the quarter-index (6.5) for the
(
0 | 0
2
)
Y-junction coincides with the quarter-index
(6.4) for the
(
0 | 2
0
)
Y-junction:
IV
(
0 | 0
2
)
N ′D = 1 + t
2q
1
2 + 2t4q + (t2 + t6)q
3
2 + t4(2 + 3t4)q2 + (t2 + 3t6 + 3t10)q
5
2
+ t4(3 + 4t4 + 4t8)q3 + (t2 + 5t6 + 5t10 + 4t14)q
7
2 + t4(3 + 8t4 + 6t8 + 5t12)q4
+ (t2 + 7t6 + 10t10 + 7t14 + 5t18)q
9
2 + · · · (6.6)
6.1.3 Y0,0,3 and Y3,0,0
As a further example, we examine the
(
0 | 3
0
)
Y-junction. This has three D3-branes at the upper
right quadrant of the plane and it leads to the VOA Y0,0,3 = W3. The quarter-index for the
(
0 | 3
0
)
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Y-junction is
IV
(
0 | 3
0
)
N ′D = IV
4d U(3)
N ′Nahm =
1
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
. (6.7)
The S-dual
(
0 | 0
3
)
Y-junction that defines the VOA Y3,0,0 has the 4d N = 4 U(3) gauge theory
in x2 < 0 with the Neumann boundary condition N ′ and the fundamental Fermi multiplet.
The quarter-index reads
IV
(
0 | 0
3
)
N ′D =
1
3!
(q)3∞
(q
1
2 t2; q)3∞
∮ 3∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(3)N′
3∏
i=1
(q
1
2 si; q)∞(q
1
2 s−1i ; q)∞︸ ︷︷ ︸
F (q
1
2 si)
. (6.8)
We can check that the quarter-index (6.8) for the
(
0 | 0
3
)
Y-junction agrees with the quarter-index
(6.7) for the
(
0 | 3
0
)
Y-junction:
IV
(
0 | 0
3
)
N ′D = 1 + t
2q
1
2 + 2t4q + (t2 + 3t6)q
3
2 + 2(t4 + 2t8)q2 + (t2 + 4t6 + 5t10)q
5
2
+ t4(3 + 6t4 + 7t8)q3 + (t2 + 6t6 + 9t10 + 8t14)q
7
2 + t4(3 + 11t4 + 12t8 + 10t12)q4
+ (t2 + 8t6 + 17t10 + 16t14 + 12t18)q
9
2 + · · · (6.9)
6.1.4 Y0,0,N and YN,0,0
Let us discuss the general
(
0 | N
0
)
Y-junction. This is the 4d N = 4 U(N) SYM theory at the corner
with the boundary conditions N ′ and D, which is realized as N D3-branes filled at the upper right
quadrant of the plane. This yields the VOA Y0,0,N = WN algebra.
The quarter-index for
(
0 | N
0
)
Y-junction which leads to the VOA Y0,0,N is the quarter-index
(2.31)
IV
(
0 | N
0
)
N ′D = IV
4d U(N)
N ′D =
N∏
k=1
1
(q
k
2 t2k; q)∞
(6.10)
for the 4d N = 4 U(N) SYM theory at the corner with the boundary conditions N ′ and D.
The S-dual configuration is the
(
0 | 0
N
)
Y-junction associated with the VOA YN,0,0. This junction
has the 4d N = 4 U(N) SYM theory with the Neumann boundary condition N ′ together with the
fundamental Fermi multiplet that cancels the gauge anomaly contribution from the Chern-Simons
coupling.
We can express the quarter-index for the
(
0 | 0
N
)
Y-junction as
IV
(
0 | 0
N
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
N∏
i=1
(q
1
2 si; q)∞(q
1
2 s−1i ; q)∞︸ ︷︷ ︸
F (q
1
2 si)
. (6.11)
This will coincide with the quarter-index (6.10) for the
(
0 | 0
N
)
Y-junction.
The brane picture is depicted in Figure 18.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gaug theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadd :2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring t eory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-v lumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, 8, x9) dir cti ns, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fu damental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In th IR, the current of the global symmetry of Lie algebra
f can be holo rphic or a ti-holomor hic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhan ed to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holom rphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
no -vanishing Abelian gauge anomalies are sho n to be cancelled by a generalized Green-Schwarz
mech nism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we conside (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane config rations
subsec_04susy
I
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gaug theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
su ersymmetric gaug theor es. We con der Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and pac coordin tes x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) dir ctions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directio s. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-ty e interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+ t8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type int rface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
d i
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1
i
; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index fo D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
7
Note that the fundament l and anti-fundamental representations have the same contributions to
the ’t Hooft anomali s. While gauge anomaly canc llation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can b enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: C eck the Abelian anomalies. In
Mohri:1997ef
[ 1] theories on D1-bra es at singularities the
non-va ishing Abelian gauge anom es are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadd :2013lxa
[12] the addition of appropriate m tter cancels the non-vanishing Abelian gauge
anomalies. **
Whe we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
recei s contribution from bulk fields. They have half of the contributions as those from boundary
fi ds
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
I
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-b anes we e used to construct 3d N = 4 supersymmetric
gauge th ories. In this sec we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and spac coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by le t- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
f Type IIB superstring t eory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We troduce NS5-branes with world-v lumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, 8, x9) dir cti ns, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) direc ions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
th e two directions, the world-volume th ories on the D3-branes therefore are macroscopically two
dimensional.
8Figure 18: The Y-junctions for Y0,0,N and YN,0,0.
6.2 YN,0,N and Y0,N,N
6.2.1 Y1,0,1 and Y0,1,1
Let us take as the n xt step the Y-junction in which two of three faces are filled by equal numbers of
D3-branes.
The simplest example is the
(
0 | 1
1
)
Y-junction which leads to the VOA Y1,0,1. This involves a 4d
N = 4 U(1) gauge theory in x2 < 0 with the Neumann boundary condition N ′ at x2 = 0 and another
4d N = 4 U(1) gauge theory at the upper right quadrant with the boundary conditions N ′ and D. In
addition, the NS5′-type interface has the 3d N = 4 twisted hypermultiplet arising from D3-D3 strings
across the NS5′-brane. At the junction it should obey the Dirichlet boundary condition D required
from the D5-brane. This cancels the gauge anomaly induced from the Chern-Simons coupling. Hence
there would be no Fermi multiplet at the junction in contrast to the
(
0 | 0
1
)
Y-junction.
The quarter-index for the
(
0 | 1
1
)
Y-junction which leads to the VOA Y1,0,1 is
IV
(
0 | 1
1
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
(q
3
4 ts; q)∞(q
3
4 ts−1; q)∞︸ ︷︷ ︸
II3d tHMD
. (6.12)
Under S-duality, the
(
0 | 1
1
)
Y-junction maps to the
(
1 | 1
0
)
Y-junction that yields the VOA Y0,1,1.
There is a 4d N = 4 U(1) gauge theory in x2 > 0 and a 3d N = 4 charged hypermultiplet arising
from the D3-D5 string. They respectively receive the Neumann boundary condition N ′ and N ′ from
the NS5′-brane. Although the Neumann boundary condition N ′ for the 3d N = 4 hypermultiplet
yields the gauge anomaly, it will be canceled by the Chern-Simons coupling as shown in (6.1).
The quarter-index for the
(
1 | 1
0
)
Y-junction is computed as
IV
(
1 | 1
0
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
4 ts; q)∞(q
1
4 ts−1; q)∞︸ ︷︷ ︸
II3d HMN
. (6.13)
The quarter-index (6.12) for the
(
0 | 1
1
)
Y-junction and the quarter-index (6.13) for the
(
1 | 1
0
)
Y-junction turn out to be equal. They can be written as
IV
(
0 | 1
1
)
N ′D = IV
(
1 | 1
0
)
N ′D
=
1
(q)∞(q
1
2 t2; q)∞
∞∑
m=0
(−1)mqm(m+1)2 (q
1+m; q)∞
(q
1
2+mt2; q)∞
(6.14)
with a clear interpretation associated to a Higgsing procedure which separates the D3-branes in the
two quadrants of the upper half plane.
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6.2.2 Y2,0,2 and Y0,2,2
Let us consider the
(
0 | 2
2
)
Y-junction associated to the VOA Y2,0,2. This junction has a 4d N = 4
U(2) gauge theory living in a lower-half plane with the Neumann boundary condition N ′. From
D3-D3 strings across the NS5′-brane there appears the 3d N = 4 twisted hypermultiplet. As the
difference of the number of D3-branes jumps from two to zero across the D5-brane, it would obey the
Nahm pole boundary condition specified by an embedding ρ : su(2)→ u(2). The Nahm pole boundary
condition will cancel the gauge anomaly for the U(2) gauge symmetry in x2 < 0 contributed from
the Chern-Simons coupling as shown in (6.1).
As a result, the quarter-index for
(
0 | 2
2
)
Y-junction is
IV
(
0 | 2
2
)
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
× 1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
2∏
i=1
(qt2si; q)∞(qt2s−1i ; q)∞
= 1 + 2t2q
1
2 + (−1 + 5t4)q + t2(−1 + 8t4)q 32 + (−1 + 14t8)q2
+ 2t2(−1 + 2t4 + 10t8)q 52 + t4(−4 + 11t4 + 30t8)q3 + t2(−1− 2t4 + 23t8 + 40t12)q 72
+ t4(−5 + 7t4 + 40t8 + 55t12)q4 + t2(−1− 8t4 + 26t8 + 64t12 + 70t16)q 92 + · · · (6.15)
In the second line of (6.15) we have the contributions from the 3d N = 4 twisted hypermultiplet
obeying the Nahm pole boundary condition with a homomorphism ρ : su(2) → u(2), which we have
also found in (5.7).
The S-dual
(
2 | 2
0
)
Y-junction defining the VOA Y0,2,2 is described by a 4d N = 4 U(2) SYM
theory living in an upper half-space with the Neumann boundary condition N ′ and 3d N = 4
fundamental hypermultiplet with the Neumann boundary condition N ′. The gauge anomaly from
the Neumann boundary condition N ′ for the 3d N = 4 hypermultiplet will be canceled by the
Chern-Simons coupling.
The quarter-index for the
(
2 | 2
0
)
Y-junction is given by
IV
(
2 | 2
0
)
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
×
2∏
i=1
1
(q
1
4 tsi; q)∞(q
1
4 ts−1i ; q)∞︸ ︷︷ ︸
II3d HMN (si)
= 1 + 2t2q
1
2 + (−1 + 5t4)q + t2(−1 + 8t4)q 32 + (−1 + 14t8)q2
+ 2t2(−1 + 2t4 + 10t8)q 52 + t4(−4 + 11t4 + 30t8)q3 + t2(−1− 2t4 + 23t8 + 40t12)q 72
+ t4(−5 + 7t4 + 40t8 + 55t12)q4 + t2(−1− 8t4 + 26t8 + 64t12 + 70t16)q 92 + · · · (6.16)
It follows that the quarter-index (6.15) for the
(
0 | 2
2
)
Y-junction and the quarter-index (6.16) for
the
(
2 | 2
0
)
Y-junction coincide.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gaug theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadd :2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring t e ry: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-v lumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, 8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly canc llation is required for consistent gauge theory,
global s mmetry may be anomalous. I the IR, the current of he global sym etry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-m ving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in holomorphic or
anti-holomorphic sector of the associated CFT depe ding n the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes t si gul r ties the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Gr en-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate atter cancels the non-v nish ng Abelian gaug
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of t e contributions as those from bound ry
fi lds
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
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2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d = 4 supersymmetric
gauge theories. In this section we will generalize these brane configura ion to co struct 2d N = (0, 4)
supersymmetric gauge theories. e consider Type IIB sup rs ng theory in Minkowski spacetime
with time coordinate x0 and space co rdinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-bran
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in ( 0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We wi consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-bran s therefor are macroscopically tw
dimensional.
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This coincides with the half-index for 5-type interface between U(1) and U(4) gauge theories:
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The half-indices (
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The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
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This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
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The half-indices (
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1.28) and (
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II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
7
Note that the fundamental and anti-fundamental representations have the same co tributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consist nt gauge theory,
global symmetry may be anomalous. In the IR, the curren of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which ac in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign f t nomaly coefficient Af.
**TODO: Check the Abel an anomalies. In
Mohri:1997ef
[ 1] the theories on D1- ran s at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a neralized Gre n-Schwarz
mechanism. In
Gadd :2013lxa
[12] the addition of appropriate matter ca cels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomal effic e t also
receives contribution from bulk fields. They hav half f he contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
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2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this sectio we will generalize these bran configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstrin theory in Minkow ki spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degre s of fr edom. They satisfy the chirality conditions
of Type IIB superstring t e ry: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-v lumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, 8, x9) directions, NS5′-branes with w rld-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider th case in which the D3-bran s are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume th ories n the D3-branes therefore are macroscopically two
dimensional.
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This coincides with the half-index for D5-type interface b tw e U(1) and U(4) gauge eories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4 u4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; )∞
(q
1
2+nt2; )∞(q +nt8; q)∞
(1.30) 4du4u1_hindex3
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Figure 19: Y-junctions for YN,0,N and Y0,N,N .
6.2.3 YN,0,N and Y0,N,N
Now we propose the generalization to the
(
0 | N
N
)
Y-junction and its dual
(
N | N
0
)
Y-junction.
The
(
0 | N
N
)
Y-junction which gives the VOA YN,0,N has a 4d N = 4 U(N) gauge theory beying
the Neumann boundary conditio N ′ as N D3-branes spanned in lower half-space x2 < 0 end on
the NS5′-brane at x2 = 0. We have a Nahm pole boundary co dition associated to an embedding
ρ : su(2) → u(N). These boundary conditions for the twisted hypermultiplets will cancel the gauge
anomaly for the U(N) gauge symmetry in the lower half space from the boundary Chern-Simons
coupling.
We then obtain the quarter-index for the
(
0 | N
N
)
Y-junction
IV
(
0 | N
N
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
×
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N′D/Nahm
N∏
i=1
(
q
3
4+
N−1
4 t1+(N−1)si; q
)
∞
(
q
3
4+
N−1
4 t1+(N−1)s−1i ; q
)
∞
. (6.17)
In the second line of (6.17) the index has contributions from the 3d N = 4 twisted hypermultiplet
obeying the Dirichlet boundary condition for N = 1 or the Nahm pole boundary condition associated
to an embedding ρ : su(2) → u(N) for N > 1, as we have argued in (5.13).
The quarter-index for the
(
N | N
0
)
Y-junction reads
IV
(
N | N
0
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N′
N∏
i=1
1
(q
1
4 tsi; q)∞(q
1
4 ts−1i ; q)∞︸ ︷︷ ︸
II3d HMN (si)
. (6.18)
We expect that this agrees with the quarter-index (6.18) for the
(
0 | N
N
)
Y-junction. The brane
configuration is drawn in Figure 19.
6.3 YM,0,N , Y0,N,M and YN,M,0
6.3.1 Y2,0,1, Y0,1,2 and Y1,2,0
Next consider the case with different numbers of D3-branes are filled in two of three sectors in the
plane. In this case, S-duality provides us with three sets of Y-junctions, i.e. triality relations.
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The simplest example is a triality between the
(
0 | 1
2
)
,
(
1 | 2
0
)
and
(
2 | 0
1
)
Y-junctions, which
define the VOA Y2,0,1, Y0,1,2 and Y1,2,0 respectively. For the
(
0 | 1
2
)
Y-junction, we have a 4d N = 4
U(2) gauge theory in the lower half-plane with the Neumann boundary condition N ′ at x2 = 0.
In addition, there are 3d N = 4 twisted hypermultiplets arising from the D3-D3 strings across the
NS5′-brane. As the number of D3-brane jumps from one to zero when crossing the D5-brane, they
would receive a Dirichlet boundary condition D.
The quarter-index for the
(
0 | 1
2
)
Y-junction can be evaluated as
IV
(
0 | 1
2
)
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
× 1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
2∏
i=1
(
q
3
4 tsi; q
)
∞
(
q
3
4 ts−1i ; q
)
∞︸ ︷︷ ︸
II3d tHMD (si)
. (6.19)
The second junction is the
(
1 | 2
0
)
Y-junction. This closely resembles the ( 1 20 0 ) NS5
′-D5 junction
discussed in section 4.2. The junction has a 4d N = 4 U(1) gauge theory in the upper half-plane
which satisfies the Neumann boundary condition N ′ at x2 = 0. As the number of D3-branes jumps
across the D5-brane, there is no hypermultiplet. Unlike the ( 1 20 0 ) NS5
′-D5 junction, there would be no
charged Fermi multiplet at the junction since the gauge anomaly is compensated by the Chern-Simons
coupling from the (1, 1) fivebrane in x6 < 0 as in (6.1).
Thus we can express the quarter-index for the
(
1 | 2
0
)
Y-junction as
IV
(
1 | 2
0
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
1
(q
1
2 t2s; q)∞(q
1
2 t2s−1; q)∞
. (6.20)
The third junction is the
(
2 | 0
1
)
Y-junction. This junction includes a 4d N = 4 U(1) gauge
theory in the lower half-space with the Neumann boundary condition N ′. There is a 3d N = 4
twisted hypermultiplets arising from D3-D3 strings across the NS5′-brane which obey the Nahm
pole boundary condition specified by a homomorphism ρ : su(2) → u(2). The Nahm pole boundary
condition will cancel the gauge anomaly for the U(1) gauge symmetry contributed from the Chern-
Simons coupling.
Then we obtain the quarter-index for the
(
2 | 0
1
)
Y-junction:
IV
(
2 | 0
1
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
(qt2s; q)∞(qt2s−1; q)∞. (6.21)
We can check that the three quarter-indices (6.19), (6.20) and (6.21) coincide and they can be
expressed as
IV
(
0 | 1
2
)
N ′D (t; q) = IV
(
1 | 2
0
)
N ′D (t; q) = IV
(
2 | 0
1
)
N ′D (t; q)
=
1
(q)∞(q
1
2 t2; q)2∞
∞∑
m=0
(q1+m; q)∞
(q1+mt4; q)∞
(−1)mqm(m+1)2 . (6.22)
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In the H-twist limit, (6.22) becomes the vacuum character of the VOA Y2,0,1, Y0,1,2 and Y1,2,0 [12]:
IV
(
0 | 1
2
)
N ′D (t = q
1
4 ; q) = IV
(
1 | 2
0
)
N ′D (t = q
1
4 ; q) = IV
(
2 | 0
1
)
N ′D (t = q
1
4 ; q)
= χY2,0,1(q) = χY0,1,2(q) = χY1,2,0(q)
=
1
(q)3∞
(
1 + 2
∞∑
m=1
(−1)mqm(m+1)2
)
. (6.23)
6.3.2 Y3,0,1, Y0,1,3 and Y1,3,0
To gain more insight, let us consider the
(
0 | 1
3
)
Y-junction associated to the VOA Y3,0,1.
The quarter-index for the
(
0 | 1
3
)
Y-junction can be evaluated as
IV
(
0 | 1
3
)
N ′D =
1
3!
(q)3∞
(q
1
2 t2; q)3∞
∮ 3∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(3)N′
× 1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
3∏
i=1
(
q
3
4 tsi; q
)
∞
(
q
3
4 ts−1i ; q
)
∞︸ ︷︷ ︸
II3d tHMD (si)
= 1 + 2t2q
1
2 + (−1 + 4t4)q + 7t6q 32 + (−1 + t4 + 11t8)q2 + t2(−2 + 5t4 + 16t8)q 52
+ t4(−1 + 11t4 + 23t8)q3 + t2(−2 + 2t4 + 21t8 + 31t12)q 72
+ t4(−4 + 12t4 + 34t8 + 41t12)q4 + t2(−2− 3t4 + 29t8 + 53t12 + 53t16)q 92 + · · · (6.24)
The action of S-duality leads to the
(
1 | 3
0
)
Y-junction of the VOA Y0,1,3. This junction is similar
to the ( 1 30 0 ) NS5
′-D5 junction analyzed in section 4.2. The gauge symmetry is reduced to U(1) by
the D5-brane. The 4d N = 4 U(3) gauge theory at the upper right quadrant would contribute to the
index but there is no 3d N = 4 hypermultiplet. In contrast to the ( 1 30 0 ) NS5′-D5 junction, there is
no Fermi multiplet at the junction as there is now the Chern-Simons coupling in x6 < 0.
We can calculate the quarter-index for the
(
1 | 3
0
)
Y-junction as
IV
(
1 | 3
0
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
1
(q
3
4 t3s; q)∞(q
3
4 t3s−1; q)∞
= 1 + 2t2q
1
2 + (−1 + 4t4)q + 7t6q 32 + (−1 + t4 + 11t8)q2 + t2(−2 + 5t4 + 16t8)q 52
+ t4(−1 + 11t4 + 23t8)q3 + t2(−2 + 2t4 + 21t8 + 31t12)q 72
+ t4(−4 + 12t4 + 34t8 + 41t12)q4 + t2(−2− 3t4 + 29t8 + 53t12 + 53t16)q 92 + · · · (6.25)
where (q
3
4 t3s; q)−1∞ (q
3
4 t3s−1; q)−1∞ corresponds to the contributions which we have found in (4.26) for
the ( 1 30 0 ) NS5
′-D5 junction. This agrees with the quarter-index (6.24) for the
(
0 | 1
3
)
Y-junction.
The triality gives another junction, i.e. the
(
3 | 0
1
)
Y-junction of the VOA Y1,3,0. For this junction,
there is a 4d N = 4 U(1) gauge theory in the lower half-plane with the Neumann boundary condition
N ′. In addition, there is a Nahm pole as the number of D3-branes jump from three to zero across
the D5-brane. This requires the 3d N = 4 twisted hypermultiplets to have the Nahm pole boundary
condition specified by a homomorphism ρ : su(2) → u(3).
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We can compute the quarter-index for the
(
3 | 0
1
)
Y-junction as
IV
(
3 | 0
1
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
IV4d U(3)N′Nahm
(q
5
4 t3s; q)∞(q
5
4 t3s−1; q)∞
= 1 + 2t2q
1
2 + (−1 + 4t4)q + 7t6q 32 + (−1 + t4 + 11t8)q2 + t2(−2 + 5t4 + 16t8)q 52
+ t4(−1 + 11t4 + 23t8)q3 + t2(−2 + 2t4 + 21t8 + 31t12)q 72
+ t4(−4 + 12t4 + 34t8 + 41t12)q4 + t2(−2− 3t4 + 29t8 + 53t12 + 53t16)q 92 + · · · (6.26)
Again the quarter-index (6.26) agrees with the quarter-indices (6.24) for the
(
0 | 1
3
)
Y-junction and
the quarter-indices (6.25) for the
(
1 | 3
0
)
Y-junction. The three quarter-indices (6.24), (6.25) and
(6.26) turn out to be expressed as
IV
(
0 | 1
3
)
N ′D = IV
(
1 | 3
0
)
N ′D = IV
(
3 | 0
1
)
N ′D
=
1
(q)∞(q
1
2 t2; q)2∞(qt4; q)∞
∞∑
m=0
(q1+m; q)∞
(q
3
2+mt6; q)∞
(−1)mqm
2
2 +
m
2 (6.27)
6.3.3 YN,0,1, Y0,1,N and Y1,N,0
For the Y-junction whose faces filled by a single D3-brane and N D3-branes, we have
IV
(
0 | 1
N
)
N ′D = (−1)N IV
(
1 | N
0
)
N ′D = (−1)N−1IV
(
N | 0
1
)
N ′D
=
1
(q)∞(q
1
2 t2; q)∞
N−1∏
k=1
1
(q
k
2 t2k; q)∞
∞∑
m=0
(q1+m; q)∞
(q
N
2 +mt2N ; q)∞
(−1)m+Nqm
2
2 +
m
2 (6.28)
where
IV
(
0 | 1
N
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(1)N′
1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
N∏
i=1
(q
3
4 ts±i ; q)∞,
IV
(
1 | N
0
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2piis︸ ︷︷ ︸
II4d U(1)N′
N−1∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N − 1)N′D/Nahm
1
(q
N
4 tNs; q)∞(q
N
4 tNs−1; q)∞
,
IV
(
N | 0
1
)
N ′D =
(q)∞
(q
1
2 t2; q)∞
∮
ds
2pis︸ ︷︷ ︸
II4d U(1)N′
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N′D/Nahm
(q
1
2+
N
4 tNs; q)∞(q
1
2+
N
4 tNs−1; q)∞. (6.29)
6.3.4 Y3,0,2, Y0,2,3 and Y2,3,0
More generally, let us examine the
(
0 | 2
3
)
Y-junction whose multiplicities of D3-branes are larger
than one. This is the case where each of the Y-junctions involves non-Abelian gauge symmetry. It
has a 4d N = 4 U(3) SYM theory in x2 < 0 with the Neumann boundary condition N ′. It has the
Nahm pole specified by an embedding ρ : su(2) → u(2). The index has contributions from the 3d
N = 4 fundamental twisted hypermultiplets with the Nahm pole boundary condition.
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The quarter-index for the
(
0 | 2
3
)
Y-junction is
IV
(
0 | 2
3
)
N ′D =
1
3!
(q)3∞
(q
1
2 t2; q)3∞
∮ 3∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(3)N′
× 1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
3∏
i=1
(
qt2si; q
)
∞
(
qt2s−1i ; q
)
∞
= 1 + 2t2q
1
2 + (−1 + 5t4)q + t2(−1 + 9t4)q 32 + (−1− t4 + 16t8)q2 + t2(−2 + 2t4 + 25t8)q 52
+ t4(−4 + 8t4 + 39t8)q3 + t2(−1− 5t4 − 21t8 + 56t12)q 72 + t4(−4− t4 + 41t8 + 80t12)q4
+ t2(−1− 8t4 + 12t8 + 74t12 + 109t16)q 92 + · · · (6.30)
The second junction is the
(
2 | 3
0
)
Y-junction. This can be obtained from the ( 2 30 0 ) NS5
′-D5
junction by replacing the D5-brane in x6 < 0 by the (1, 1) fivebrane. Such deformation introduces
the Chern-Simons coupling in x6 < 0 so that the Fermi multiplet is not required to cancel the 2d
gauge anomaly.
For the
(
2 | 3
0
)
Y-junction the quarter-index is given by
IV
(
2 | 3
0
)
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
× 1
(q
1
2 t2; q)∞︸ ︷︷ ︸
IV4d U(1)N′D
2∏
i=1
1
(q
1
2 t2si; q)∞(q
1
2 t2s−1i ; q)∞
= 1 + 2t2q
1
2 + (−1 + 5t4)q + t2(−1 + 9t4)q 32 + (−1− t4 + 16t8)q2 + t2(−2 + 2t4 + 25t8)q 52
+ t4(−4 + 8t4 + 39t8)q3 + t2(−1− 5t4 − 21t8 + 56t12)q 72 + t4(−4− t4 + 41t8 + 80t12)q4
+ t2(−1− 8t4 + 12t8 + 74t12 + 109t16)q 92 + · · · (6.31)
Note that the expression (6.31) is obtained by getting rid of the contributions from Fermi multiplets
in the quarter-index (4.34). The result (6.31) coincides with the quarter-index (6.30).
The last piece is the
(
3 | 0
2
)
Y-junction. We have a 4d N = 4 U(2) gauge theory in x2 < 0 with
the Neumann boundary condition N ′. There is a Nahm pole associated to a homomorphism ρ : su(2)
→ u(3), which specifies the boundary condition for the 3d N = 4 twisted hypermultiplets.
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One then finds the following quarter-index for the
(
3 | 0
2
)
Y-junction:
IV
(
3 | 0
2
)
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
× 1
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
IV4d U(3)N′Nahm
2∏
i=1
(q
5
4 t3si; q)∞(q
5
4 t3s−1i ; q)∞
= 1 + 2t2q
1
2 + (−1 + 5t4)q + t2(−1 + 9t4)q 32 + (−1− t4 + 16t8)q2 + t2(−2 + 2t4 + 25t8)q 52
+ t4(−4 + 8t4 + 39t8)q3 + t2(−1− 5t4 − 21t8 + 56t12)q 72 + t4(−4− t4 + 41t8 + 80t12)q4
+ t2(−1− 8t4 + 12t8 + 74t12 + 109t16)q 92 + · · · (6.32)
This again agrees with the quarter-index (6.30) for the
(
0 | 2
3
)
Y-junction and the quarter-index
(6.31) for the
(
2 | 3
0
)
Y-junction.
6.3.5 Y4,0,2, Y0,2,4 and Y2,4,0
As a further check of the triality between the Y-junctions including non-Abelian gauge groups, let
us take the
(
0 | 2
4
)
Y-junction. There is a 4d N = 4 U(4) SYM theory in x2 < 0 with the Neumann
boundary condition N ′. The junction has local operators from the 3d N = 4 fundamental twisted
hypermultiplets which obey the Nahm pole boundary condition associated to an embedding ρ : su(2)
→ u(2).
The quarter-index for the
(
0 | 2
4
)
Y-junction is computed as
IV
(
0 | 2
4
)
N ′D =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N′
× 1
(q
1
2 t2; q)∞(qt4; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
3∏
i=1
(
qt2si; q
)
∞
(
qt2s−1i ; q
)
∞
= 1 + 2t2q
1
2 + (−1 + 5t4)q + (−1 + 9t4)q 32 + (−1− t4 + 17t8)q2
+ t2(−2 + t4 + 27t8)q 52 + 2t4(−2 + 3t4 + 22t8)q3 + t2(−1− 5t4 + 18t8 + 65t12)q 72
+ t4(−4− 4t4 + 38t8 + 97t12)q4 + t2(−1− 7t4 + 5t8 + 73t12 + 136t16)q 92 + · · · (6.33)
The second
(
2 | 4
0
)
Y-junction can be viewed as a deformed ( 2 40 0 ) NS5
′-D5 junction in such a way
that the D5-brane in x6 < 0 is replaced by the (1, 1) fivebrane. As the (1, 1) fivebrane introduces the
additional Chern-Simons coupling in x6 < 0, there is no Fermi multiplet at the junction.
91
The resulting quarter-index for the
(
2 | 3
0
)
Y-junction is expressed as
IV
(
2 | 4
0
)
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮
ds1
2piis1
ds2
2piis2
(
s1
s2
; q
)
∞
(
s2
s1
; q
)
∞(
q
1
2 t2 s1s2 ; q
)
∞
(
q
1
2 t2 s2s1 ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
× 1
(q
1
2 t2; q)∞(qt2; q)∞︸ ︷︷ ︸
IV4d U(2)N′Nahm
3∏
i=1
1
(q
3
4 t3si; q)∞(q
3
4 t3s−1i ; q)∞
= 1 + 2t2q
1
2 + (−1 + 5t4)q + (−1 + 9t4)q 32 + (−1− t4 + 17t8)q2
+ t2(−2 + t4 + 27t8)q 52 + 2t4(−2 + 3t4 + 22t8)q3 + t2(−1− 5t4 + 18t8 + 65t12)q 72
+ t4(−4− 4t4 + 38t8 + 97t12)q4 + t2(−1− 7t4 + 5t8 + 73t12 + 136t16)q 92 + · · · (6.34)
This agrees with the quarter-index (6.33) for the
(
0 | 2
4
)
Y-junction.
The third junction is the
(
4 | 0
2
)
Y-junction. It has a 4d N = 4 U(2) gauge theory in x2 < 0 with
the Neumann boundary condition N ′. It contains a Nahm pole associated to an embedding ρ : su(2)
→ u(4), which characterizes the boundary condition for the 3d N = 4 twisted hypermultiplets.
We get the quarter-index for the
(
4 | 0
2
)
Y-junction:
IV
(
4 | 0
2
)
N ′D =
1
2
(q)2∞
(q
1
2 t2; q)2∞
∮ 2∏
i=1
dsi
2piisi
∏
i6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(2)N′
× 1
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞(q2t8; q)∞︸ ︷︷ ︸
IV4d U(4)N′D
2∏
i=1
(q
3
2 t4si; q)∞(q
3
2 t4s−1i ; q)∞
= 1 + 2t2q
1
2 + (−1 + 5t4)q + (−1 + 9t4)q 32 + (−1− t4 + 17t8)q2
+ t2(−2 + t4 + 27t8)q 52 + 2t4(−2 + 3t4 + 22t8)q3 + t2(−1− 5t4 + 18t8 + 65t12)q 72
+ t4(−4− 4t4 + 38t8 + 97t12)q4 + t2(−1− 7t4 + 5t8 + 73t12 + 136t16)q 92 + · · · (6.35)
Again this coincides with the quarter-index (6.33) for the
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(6.34) for the
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6.3.6 YM,0,N , Y0,N,M and YN,M,0
At this stage, we would like to propose the triality between the
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,
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0
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and
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M | 0
N
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Y-junctions, which define the VOA YM,0,N , Y0,N,M and YN,M,0 respectively.
For the first
(
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M
)
Y-junction, there is a 4d N = 4 U(M) gauge theory in the lower half-
plane with the Neumann boundary condition N ′ at x2 = 0 imposed by the NS5′-brane. There
are local operators from the 3d N = 4 twisted hypermultiplets arising from D3-D3 strings across
the NS5′-brane. They obey the Dirichlet boundary condition D for N = 1 while they satisfy the
Nahm pole boundary condition associated to a homomorphism ρ : su(2) → u(N) for N > 1. These
boundary conditions for the twisted hypermultiplets will cancel the U(M) gauge anomaly from the
Chern-Simons coupling.
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The second
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)
Y-junction can be obtained by deforming the (N M0 0 ) NS5
′-D5 junction
discussed in section 4.2 so that the D5-brane in x6 < 0 is replaced by the (1, 1) fivebrane. The
junction has a 4d N = 4 U(min(N,M)) gauge theory in the upper half-plane with the Neumann
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twisted hypermultiplets. As opposed to the (N M0 0 ) NS5
′-D5 junction, there is no charged Fermi
multiplet at the junction since the gauge anomaly is now canceled by the Chern-Simons coupling
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The third
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Y-junction has a 4d N = 4 U(N) SYM theory in the lower half-plane with
the Neumann boundary condition N ′ at x2 = 0. When M = 1, the 3d N = 4 fundamental twisted
hypermultiplets arising from the D3-D3 strings across the NS5′-brane gets the Dirichlet boundary
condition D. When M > 1, there exists a Nahm pole associated to a homomorphism ρ : su(2) →
u(M) and therefore they have the Nahm pole boundary condition. These boundary conditions for the
twisted hypermultiplets will cancel the gauge anomaly contribution from the Chern-Simons coupling.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
7
For N < M the quarter ind x for
(
0 | N
M
)
Y-junction which l ads to the VOA YM,0,N is given by
IV
(
0 | N
M
)
N ′D =
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ M∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
j
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
k=
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N ′D
M∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
(3.58) yM0Nt
This will coincide with the quarter index for
(
N | M
0
)
Y-junction of the VOA Y0,N,M :
IV
(
N | M
0
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
×
M−N∏
i=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(M − N)N ′D
N∏
i=1
1(
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.59) y0NMt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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For N < M the quarter index for
(
0 | N
M
)
Y-junction which leads to the VOA YM,0,N is given by
IV
(
0 | N
M
)
′D =
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ M∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N ′D
M∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
(3.58) yM0Nt
This will coincide with the quarter index for
(
N | M
0
)
Y-junction of the VOA Y0,N,M :
IV
(
N | M
0
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
×
M−N∏
i=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(M − N)N ′D
N∏
i=1
1(
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.59) y0NMt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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Note that the fundamental and ant -funda e tal representations h ve the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for c nsistent gauge t eory,
global symmetry may be anomalous. In the IR, the current of the lobal symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the hol morphic or
anti-holomorphic sector of the associated CFT depending on the s gn of the anomaly c efficient Af.
**TODO: Check he Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficie t also
receives con ribution fr m bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
hiral multipl t D b.c. ! r ! 14
adjoint N2
chiral multiplet b.c. ! or ! − 14
adjoi t −N2
gauge multiplet N b.c. adj int −N
gauge multiplet D b.c. djoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x , x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. Whil gauge anomaly canc llati n is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie lgebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be ca celled by a ge eralized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriat matter cancels the non-vani hing Abelian gauge
anomalies. **
Whe w consider (0, 2) boundar conditions in 3d N = 2 t eory, the anomaly co fficient also
receives contribution from bulk fields. They ave half of the contributions as those from b undary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize ese brane configur tions to construct 2 N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with orld-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, 1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directio s, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U 4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hind x
This coincides with the half-index for D5-type interface between U(1 and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
( .29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; )∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
7
For N < M the quarter index for
(
0 | N
M
)
Y-junction whic leads to the VOA YM,0,N is given by
IV
(
0 | N
M
)
N ′D =
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ M∏
i=1
dsi
πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N ′D
M∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
(3.58) yM0Nt
This will coincide with the quarter index for
(
N | M
0
)
Y-junction of the VOA Y0,N,M :
IV
(
N | M
0
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
×
M−N∏
i=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(M − N)N ′D
N∏
i=1
1(
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.59) y0NMt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf funda ental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf r(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si 1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 + 2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +Ni i+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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Figur 20: A triality between the Y-junctions for YM,0,N , Y0,N,M and YN,M,0.
We expect that the three quarter-indices (6.36 , (6.37) and (6.38) give the same answer
IV
(
0 | N
M
)
N ′D = IV
(
N | M
0
)
N ′D = IV
(
M | 0
N
)
N ′D . (6.39)
Taking the H-twist limit t→ q 14 of these quarter-indices, the relation (6.36) reduce to the identity
of the vacuum characters of YM,0,N , Y0,N,M and Y0,N,M [12]:
χYM,0, (q) = χY0,N,M (q) = χYN,M,0(q). (6.40)
The brane configuration is shown in Figure 20.
6.4 YL,M,N and triality
Now we discuss the most general Y-junction in which all the three faces are filled by D3-branes.
6.4.1 Y1,1,1
Consider the
(
1 | 1
1
)
Y-junction. This junction has a 4d N = 4 U(1) gauge theory in x2 > 0 and
distinct one in x2 < 0. Both of the have the Neumann boundary condition N ′ at x2 = 0. This
junction includes a 3d N = 4 fundamental hypermultiplet obeying Neumann boundary condition N ′
arising from the D3-D5 string, and a 3d N = 4 bi-fundamental twisted hypermultiplet arising from
the D3-D3 string across the NS5′-bran . As the 3d N = 4 twisted hypermultiplet persists across the
junction, the gauge nomaly from the Chern-Simons coupling should be compe sated by the charg d
Fermi multiplet at the junction.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figur
f g_singlebox
13). From the dic ionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the number ending from the left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancel ed by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gau e
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representatio ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Ga otto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volu es in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_b ane1
All the branes share the x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
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non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
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fields
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constraint is satisfied for D5-bra e, the moduli spac of solutions to Nahm equation would
involve xtra d coupled 3d N = 4 hypermultiple s. As N hm pole boundary conditions are
imposed fr m D5′-brane
Chung:2016pgt
[14], we also mp se a simil r constraint n the linking numbers of
additional 5-branes. Following the ame line i
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermult pl t and NT is that of (0, 4) twisted
ypermultiplets. When t ese conditions ar ob yed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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Figure 13: Single box of N D3-bran s and eigh type of D3-br nes with infinite extent.
f g_ inglebox
account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obt in ga ge anomaly free the ry from non-periodic configuration, one can add adjacent D3-
branes i (x2, x6) p ane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the eighb ring finite regions in top-left, t p, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_sing ebox
13). From the dictionary (
dic_b x
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and B (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the ano aly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)
1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-bra e from the right minus the umber ending from the left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
brane ending t 5-brane from the right minus the nu ber ending from the left while the other is
the that of D3-br nes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gai tto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The li king numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
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will be good or balanced.
28
Figure 21: Higgsing procedure of the Y-junction for Y1,1,1 which splits the D3-branes into three sets
along the NS5′- and D5-brane.
We then obtain the quarter-index for the
(
1 | 1
1
)
Y-junction
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1 | 1
1
)
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2 t2; q)∞
∮
ds1
2piis1︸ ︷︷ ︸
II4d U(1)N′
(
q
1
2 s1; q
)
∞
(
q
1
2 s−11 ; q
)
∞︸ ︷︷ ︸
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s2
)
= 1 +
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t−2 + 3t2
)
q
1
2 +
(−2 + t−4 + 6t4) q + (t−6 − 2t2 + 10t6) q 32 + (1 + t−8 + t4 + 15t8) q2
+
(
t−10 − 2t−2 − 8t2 + 7t6 + 21t10) q 52 + (5 + t−12 − 8t4 + 16t8 + 28t12) q3 + · · · (6.41)
By picking up the residues at hypermultiplet poles s2 = q
1
4+mt, we ca evaluate the integral (6.41)
as
IV
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1 | 1
1
)
N ′D =
1
(q)3∞
∞∑
n=0
∞∑
m=0
n∑
k=0
(q1+k; q)∞(q1+n−k; q)∞(q1+m; q)∞
(q
1
2+kt2; q)∞(q
1
2+n−kt2; q)∞(q
1
2+mt2; q)∞
× (−1)m−n+2kqm(m+1)2 +m(2k−n)+ (2k−n)
2
2 +
k
2 t2k−2n. (6.42)
The cube of the quarter-index IV4d U(1)N ′D appearing as the first term in the expansion suggests an
Hi gsing process separating D3-branes along the fivebranes (see Figure 21).
In the H-twist limit t→ q 14 the quarter-index (6.41) gives the vacuum character of the VOA Y1,1,1
IV
(
1 | 1
1
)
N ′D (t = q
1
4 ; q) = q + 3q2 + 6q3 + 13q4 + 24q5 + 48q6 + 86q7 + 159q8 + 279q9 + 488q10 + · · ·
= χY1,1,1(q). (6.43)
On the other hand, using the BRST construction, the vacuum character of the VOA Y1,1,1 takes the
95
form [12]
χY1,1,1(q) =
∮
ds1
2piis1
ds2
2piis2
1(
1− s1s2
)(
1− s2s1
) ∞∏
n=0
(1− qn+ 12 s1)(1− qn+ 12 s−11 )
(1− qn+ 12 s2)(1− qn+ 12 s−12 )
. (6.44)
Due to the denominator in the integrand, the expression (6.44) includes an infinite sum so that the
expression (6.43) needs an appropriate regularization. This happens when one considers the vacuum
characters for the generic VOA YL,M,N and a possible regularization is discussed in [47]. Here we get
a natural regularization by specializing t after the contour integral is executed.
6.4.2 Y2,1,1, Y1,2,1
Next consider the Y-junction where two out of three faces include the same numbers of D3-branes.
We examine the
(
1 | 1
2
)
Y-junction which leads to the VOA Y2,1,1. This has a 4d N = 4 U(1)
gauge theory in x2 > 0 and a 4d N = 4 U(2) SYM in x2 < 0. Both of them obey the Neumann
boundary condition N ′. In addition, there is a 3d N = 4 charged hypermultiplet in x2 > 0 obeying
the Neumann boundary condition N ′ and a 3d N = 4 bi-fundamental hypermultiplets. As the full
twisted hypermultiplets persists across the junction, the gauge anomaly for the U(2) gauge symmetry
in x2 < 0 contributed from the Chern-Simons coupling must be canceled by fundametnal Fermi
multiplets.
As a result we find the quarter-index for the
(
1 | 1
2
)
Y-junction
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+ t−18(1 + t4 + 2t8 + 3t12 + 4t16 + 15t20 − 26t24 + 20t28101t32 + 125t36)q 92 + · · · (6.45)
Under S-duality, we get the
(
2 | 1
1
)
Y-junction which leads to the VOA Y1,2,1. It has two 4d N = 4
U(1) gauge theories in x2 > 0 and x2 < 0 with the Neumann boundary condition N ′ at x2 = 0. We
can read the field content from the analysis of the
(
1 | 2
0
)
and
(
2 | 0
1
)
Y-junction.
As in the
(
0 | 1
2
)
Y-junction, there appear the 3d N = 4 bi-fundamental twisted hypermultiplets
arising from the D3-D3 strings across the NS5′-brane. As the number of D3-branes jumps from
two to one across the D5-brane, they will split into two in such a way that one obeys the Dirichlet
boundary condition D and the other forms the full bi-fundamental twisted hypermultiplet. The
Dirichlet boundary condition D cancels the gauge anomaly from the Chern-Simons coupling.
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As in the
(
1 | 2
0
)
Y-junction, there is no 3d N = 4 hypermultiplet as the number of D3-branes
jumps from two to one in x2 > 0. Instead there are bosonic local operators from the broken U(2)
gauge theory. They will contribute to the U(1) gauge anomaly in x2 > 0 so that it cancels the
contribution from the Chern-Simons coupling.
Then the quarter-index for the
(
2 | 1
1
)
Y-junction reads
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In fact this coincides with the quarter-index (6.45) for the
(
1 | 1
2
)
Y-junction.
6.4.3 Y3,2,1, Y1,3,2 and Y2,1,3
Let us consider the most general case with three distinct numbers of D3-branes are placed in the
three sectors of the Y-junction.
The simplest example is the set of the
(
2 | 1
3
)
,
(
3 | 2
1
)
and
(
1 | 3
2
)
Y-junctions, which define the
VOA Y3,2,1, Y1,3,2 and Y2,1,3. The
(
2 | 1
3
)
Y-junction involves a 4d N = 4 U(1) gauge theory in
x2 > 0 and a 4d N = 4 U(3) gauge theory in x2 < 0. They obey the Neumann boundary condition
N ′. While there is no 3d N = 4 hypermultiplet due to the unequal numbers of D3-branes in two sides
of the D5-brane, there are bosonic contributions to the index from the broken part of the U(2) gauge
theory in the upper left quadrant. In addition, it involves the 3d N = 4 twisted hypermultiplets
from the D3-D3 strings across the NS5′-brane. As the number of the D3-branes jump from two to
one when crossing the D5-brane, part of the 3d N = 4 twisted hypermultiplets should satisfy the
Dirichlet boundary condition D.
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Thus we find the quarter-index for the
(
2 | 1
3
)
Y-junction
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For the second
(
3 | 2
1
)
Y-junction, we have a 4d N = 4 U(2) SYM theory in the upper half-space
and a 4d N = 4 U(1) gauge theory in the lower half-space. As the numbers of D3-branes changes
from three to two when crossing the D5-brane, the broken U(3) gauge theory in the upper quadrant
lead to the bosonic local operators. Also the 3d N = 4 twisted hypermultiplets appear from the
D3-D3 strings across the NS5′-brane. As the initial U(3) gauge theory is broken to U(2), part of
them should obey the Dirichlet boundary condition D.
The quarter-index for
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3 | 2
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)
Y-junction is
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This agrees with the quarter-index (6.47) for the
(
2 | 1
3
)
Y-junction.
The third one is the
(
1 | 3
2
)
Y-junction. This has a 4d N = 4 U(1) gauge theory in x2 > 0 and a
4d N = 4 U(2) gauge theory in x2 < 0. Unlike the other two junctions, the difference of the numbers
of the D3-branes across the D5-brane is equal to two, which leads to a Nahm pole. From the broken
U(3) gauge theory we have the bosonic local operators as we found in (4.23) and (6.25). Also the 3d
N = 4 twisted hypermultiplets contribute to the index, but are affected by the Nahm pole.
Consequently, we can obtain the quarter-index for the
(
1 | 3
2
)
Y-junction
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This again coincides with the quarter-index (6.47) for the
(
2 | 1
3
)
Y-junction and the quarter-index
(6.48) for the
(
3 | 2
1
)
Y-junction. The matching between three quarter-indices (6.47), (6.48) and (6.49)
provides us with a supporting evidence of the triality of the
(
2 | 1
3
)
,
(
3 | 2
1
)
and
(
1 | 3
2
)
Y-junctions.
The brane picture is shown in Figure 22.
6.4.4 YL,M,N , YN,L,M and YM,N,L
Now we would like to provide a general formula of the quarter-index for the
(
M | N
L
)
Y-junction
defining the VOA YL,M,N . The
(
M | N
L
)
Y-junction has a 4d N = 4 U(min(N,M)) SYM theory in
the upper half-space x2 > 0 and a 4d N = 4 U(L) SYM theory in the lower half-space x2 < 0. They
receive the Neumann boundary condition N ′ as required from the NS5′-brane.
When M = N , it has the 3d N = 4 fundamental hypermultiplet arising from the D3-D5 strings.
It should satisfy the Neumann boundary condition N ′ according to the NS5′-brane. The resulting
gauge anomaly is canceled by the Chern-Simons coupling associated to the (1, 1) fivebrane so that
additional Fermi multiplet is not required at the junction. On the other hand, the gauge anomaly
for the U(L) gauge symmetry in the lower half-space induced from the Chern-Simons coupling will
be canceled by additional fundamental Fermi multiplet at the junction. The junction also has the 3d
N = 4 bi-fundamental twisted hypermultiplet.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadd :2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring t eory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-v lumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, 8, x9) dir cti ns, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory a d U(1) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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For N < M the quarter index for
(
0 | N
M
)
Y-junction which leads to the VOA YM,0,N is given by
IV
(
0 | N
M
)
N ′D =
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ M∏
i=1
dsi
2πisi
∏
i ̸=j
(
s
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N ′D
M∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
(3.58) yM0Nt
This will coincide with the quarter index for
(
N | M
0
)
Y-junction of the VOA Y0,N,M :
IV
(
N | M
0
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
×
M−N∏
i=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(M − N)N ′D
N∏
i=1
1(
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.59) y0NMt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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take the form:
IV
(
M | N
L
)
N ′D =
1
L!
( L
(q
1
2 t2; q)L∞
∮ L∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(L)N ′
×
L∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
−1
4 tNs−1i ; q
)
∞
×
N−M∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N −M)N ′D
× 1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ L+M∏
i=L+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
L+M∏
i=L+1
1(
q
1
4+
N−M
4 t1+ −Msi; q
)
∞
(
q
1
4+
N−M
4 t1+N−Ms−1i ; q
)
∞
(3.60) yLMNt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adj int N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_ 3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane config rations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) dire tions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) irec ions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 t eory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
a joint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoin N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] onfigurations of D3-branes and 5-branes were used to cons ruct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space co rdinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the brane share th (x0, x1) directions. We will consider the case i which the D3-branes are
bounded by all the 5-branes i the (x2, x6) dire tions. According to the Kaluza-Klein reduction in
th two dir c ions, the world-volume theories on the D3-b anes the efore are macroscopically two
dimensional.
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The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
(
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with the half-index for D5-type interface between U(1) and U(4) gauge theories:
II4d U(1)|U(4)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∞∑
n=0
q
n
2 t−2n
(q1+n; q) (q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
The half-index for NS5′-type interface between U(N) gauge theory and U( ) gauge theory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
i
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
dsN+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ; q
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with the half-index for D5-type interface between U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2; q)∞
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U( )
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
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For N < M the quarter ind x for
(
0 | N
M
)
Y-junction which leads to the VOA YM,0,N is given by
IV
(
0 | N
M
)
N ′D =
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ M∏
=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N ′D
M∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
(3.58) yM0Nt
This will coincide with the quarter index for
(
N | M
0
)
Y-junction of the VOA Y0,N,M :
IV
(
N | M
0
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
×
M−N∏
i=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(M − N)N ′D
N∏
i=1
1(
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.59) y0NMt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1 − (Ni+1 Tr si −Ni Tr i+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 −N2) Tr(s21 + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni Ni−1 −Ni+1) r(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
27
take the form:
IV
(
M | N
L
)
N ′D =
1
L!
(q)L
(q
1
2 2; q)L∞
∮ L∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 si
j
; q
)
︸ ︷︷ ︸
II4d U(L)N ′
×
L∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
×
N−M∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N −M)N ′D
× 1
M !
(q)M∞
(q
1
2 t2; q M∞
∮ L+M∏
i=L+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
L+M∏
i=L+1
1(
q
1
4+
N−M
4 t1+N−Msi; q
)
∞
(
q
1
4+
N−M
4 t1+N−Ms−1i ; q
)
∞
(3.60) yLMNt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary nomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with f fundamental hypermultiplets
obeying (N , N) boundary co dition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I( 1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundame tal hypers
= (2N1 −N2) Tr(s21) + (Tr s1) ·
[−( 22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
28
No e that the fundamental a d anti-fundamental representations have the same contributions to
the ’t Hooft an malie . While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may b anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced t the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sect r of the associa ed CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomali s. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
rec ives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. a joint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subs c_d3box
2.1 B ane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymm tric gauge the ries. W consider Type IIB superstring theory in Minkowski spacetime
with time coordinat x0 and space coordi ates x1, · · · , x9. Let QL and QR be the supercharges gen-
rated by left- and right-moving w rld-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB sup rstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share t e (x0, x1) dir ctions. We will consider the case in which the D3-branes are
boun ed by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two di ctions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Not that the fundamental and ant -f ndamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In th IR, the current of the global symmetry of Lie algebra
f can be h lomorphic or anti-holomorphic, i.e. eft- or right-moving. Then the corresponding global
symmetry can be en anced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-h lomorphic sec or of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomal . I
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadd :2013lxa
[12] the add tion of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary co ditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Bra e configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configu ations of D3-bran s and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this se tion we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theor es. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinat s x1, · · · , x9. Let QL and QR be the supercharg s gen-
erat d by left- and right-movi g world-shee degrees of freedom. Th y satisfy the chirality conditions
of Typ IIB superstring t e ry: ΓQL = QL, ΓQR = QR whe Γ = Γ0 · · ·Γ9.
We introduce NS5-bra es with world-v lume in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, 8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the b anes share the (x0, x1) direction . We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-v lume theories on the D3-branes therefore are macroscopically two
dimensional.
8
The half-index for NS5′-type interface between U(4) gauge theory and U(1) gauge theory is
II4d U(4)|U(1)N ′ =
1
4!
(q)4∞
(q
1
2 t2; q)4∞
∮ 4∏
i=1
dsi
πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
ds5
2πis5︸ ︷︷ ︸
II4d U(1)N ′
4∏
i=1
(
q
3
4 t sis5 ; q
)
∞
(
q
3
4 t s5si ; q
)
∞(
q
1
4 t−1 sis5 ; q
)
∞
q
1
4 t−1 s5si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
s5
)
(1.28) 4du4u1_hindex
This coincides with th h lf-index for D5-type interface w en U(1) and U(4) gauge theori s:
II4d U(1)|U(4)D =
(q)2∞
1 1
2 t−2; q)
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞︸ ︷︷ ︸
II4d U(3)Nahm
(q
3
2 t2s; q)∞(q
3
2 t2s−1; q)∞
(qt4s; q)∞(qt4s−1; q)∞
(1.29) 4du4u1_hindex2
The half-indices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) are expressed as
II4d U(4)|U(1)N ′ = II
4d U(1)|U(4)
D
=
(q)∞(q
3
2 t2; q)∞(q2t4; q)∞
(q
1
2 t2; q)∞(qt4; q)∞(q
3
2 t6; q)∞
∑
=0
q
n
2 t−2n
(q1+n; q)∞(q
5
2+nt6; q)∞
(q
1
2+nt2; q)∞(q2+nt8; q)∞
(1.30) 4du4u1_hindex3
Th half-index for NS5′-type interface between U(N) gauge th ory and U(1) gauge th ory is
II4d U(N)|U(1)N ′ =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(4)N ′
(q)∞
(q
1
2 t2; q)∞
∮
N+1
2πisN+1︸ ︷︷ ︸
II4d U(1)N ′
N∏
i=1
(
q
3
4 t sisN+1 ;
)
∞
(
q
3
4 t sN+1si ; q
)
∞(
q
1
4 t−1 sisN+1 ; q
)
∞
(
q
1
4 t−1 sN+1si ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sN+1
)
(1.31) 4duNu1_hindex
This will coincide with th h lf-index for D5-type interfac b tween U(1) and U(N) gauge theories:
II4d U(1)|U(N)D =
(q)2∞
(q
1
2 t2; q)∞(q
1
2 t−2
∮
ds
2πis︸ ︷︷ ︸
I4d U(1)
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
(q
N
2
+1
2 t2(
N
2 −1)s; q)∞(q
N
2
+1
2 t2(
N
2 −1)s−1; q)∞
(q
N
2
2 t2·
N
2 s; q)∞(q
N
2
2 t2·
N
2 s−1; q)∞
(1.32) 4duNu1_hindex2
The half- ndices (
4du4u1_hindex
1.28) and (
4du4u1_hindex2
1.29) will be expressed as
II4d U(N)|U(1)N ′ = II
4d U(1)|U(N)
D
=
N−1∏
k=1
(q
k+1
2 t2(k−1); q)∞
(q
k
2 t2k; q)∞︸ ︷︷ ︸
II4d U(N − 1)Nahm
∞∑
n=0
q
n
2 t−2n
(q1+n; q)∞(q
N+1
2 +nt2(N−1); q)∞
(q
1
2+nt2; q)∞(q
N
2 +nt2N ; q)∞
(1.33) 4duNu1_hindex3
7
For N < M the quarter index for
(
0 | N
M
)
Y-junction which leads to the VOA YM,0,N is given by
IV
(
0 | N
M
)
N ′D =
1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ M∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
N∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N)N ′D
M∏
i=1
(
q
3
4+
N−1
4 tN)si; q
)
∞
(
q
3
4+
N−1
4 tNs−1i ; q
)
∞
(3.58) yM0Nt
This will coincide with the quarter index for
(
N | M
0
)
Y-junction of the VOA Y0,N,M :
IV
(
N | M
0
)
N ′D =
1
N !
(q)N∞
(q
1
2 t2; q)N∞
∮ N∏
i=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(N)N ′
×
M−N∏
i=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(M − N)N ′D
N∏
i=1
1
q
1
4+
M−N
4 t1+M−Nsi; q
)
∞
(
q
1
4+
M−N
4 t1+M−Ns−1i ; q
)
∞
. (3.59) y0NMt
4 Abelian (0, 4) mirrors
sec_abelian
4.1 Boundary anomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying (N , N) boundary condition is
I(Nc)−[Nf ](N ,N) = 2Nc Tr(s2)− 2(Tr s)2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc −Nf ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= (2N1 − 2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i− +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
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take the form:
IV
(
M | N
L
)
N ′D =
1
L!
(q)L∞
(q
1
2 t2; q)L∞
∮ L∏
=1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(L)N ′
×
L∏
i=1
(
q
3
4+
N−1
4 tN)si; q ∞
q
3
4+
N−1
4 tNs−1i ; q
)
∞
×
N−M∏
k=1
1
(q
k
2 t2k; q)∞︸ ︷︷ ︸
IV4d U(N −M)N ′D
× 1
M !
(q)M∞
(q
1
2 t2; q)M∞
∮ L+M∏
i=L+1
dsi
2πisi
∏
i ̸=j
(
si
sj
; q
)
∞
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(M)N ′
×
L+M∏
i=L+1
1(
q
1
4+
N−M
4 t1+N−Msi; q
)
∞
(
q
1
4+
N−M
4 t1+N−Ms−1i ; q
)
∞
(3.60) yLMNt
4 Abelian (0, 4) mirror
sec_abelian
4.1 Bou ary nomaly
sec_bdyanomaly
The boundary anomaly polynomial for 3d N = 4 U(Nc) SQCD with Nf fundamental hypermultiplets
obeying ( , N) boundary conditio is
I(Nc)−[Nf ](N ,N) = Nc Tr(s2)− 2(Tr )2︸ ︷︷ ︸
N of U(Nc) gaugino
+2(Tr s) · s˜︸ ︷︷ ︸
FI term
−Nc Tr(x2)−Nf Tr(s2)︸ ︷︷ ︸
N of hyper
= (2Nc − f ) Tr(s2)−Nc Tr(x2) + 2(Tr s) · [−(Tr s) + s˜] . (4.1) ncnf_AN
The boundary anomaly polynomial for 3d N = 4 ∏ni U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets obeying (N , N) boundary conditions is
I(N1)−(N2)−···(Nn)(N ,N) =
n∑
i=1
[
2Ni Tr(s
2
i )− 2(Tr si)2 + 2(Tr si) · s˜i
]︸ ︷︷ ︸
N of U(N)i gaugino + FI
+
n−1∑
i=1
[
−Ni+1 Tr(s2i )−Ni Tr(s2i+1)− (Ni+1 Tr si −Ni Tr si+1)2
]
︸ ︷︷ ︸
N of bi-fundamental hypers
= 2N1 −N2) Tr(s21) + (Tr s1) ·
[−(N22 + 2)(Tr s1) +N1N2 Tr s2 + 2s˜1]
+
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (Tr si) ·
[−(N2i−1 +N2i+1 + 2)(Tr si) +NiNi−1 Tr si−1 +NiNi+1 Tr si+1 + 2s˜i]
+ (2Nn −Nn−1) Tr s2n + (Tr sn) ·
[−(N2n−1 + 2)(Tr sn) +NnNn−1 Tr sn−1 + 2s˜n] . (4.2) quiver_N_AN
In order to have consistent Neumann boundary condition for gauge field, the gauge anomaly must be
cancelled.
28
Figure 22: A triality of the Y-juncti ns.
For M 6= N there is no 3d N = 4 fundamental hypermultiplet. There is the 3d N = 4 twisted
hypermultiplets arising from the D3-D3 strings across the NS5′-brane. Unequal numbers of D3-branes
in two sides of the D5-brane require that part of them, which corresponds to the broken U(|N −M |)
gauge symmetry, should obey the Dirichlet boundary condition D for |N −M | = 1 or the Nahm
pole boundary condition specified by an embedding ρ : u(2) → u(|N −M |) for |N −M | > 1. Both
of these boundary conditions admit the left-moving fermionic contributions and they will cancel the
gauge anomaly for the U(L) gauge symmetry in the lower half-plane induced from the Chern-Simons
coupling. Hence the additional Fermi multiplet will not be required at the junction in contrast to the
case with M = N . Note that there still remain the 3d N = 4 bi-funda ental twisted hypermultiplets.
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We then obtain the quarter-index for the general
(
M | N
L
)
Y-junction
IV
(
M | N
L
)
N ′D =
1
L!
(q)L∞
(q
1
2 t2; q)L∞
∮ L∏
i=1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj ; q
)
∞︸ ︷︷ ︸
II4d U(L)N′
×
|N−M |∏
k=1
1(
q
k
2 t2k; q
)
∞︸ ︷︷ ︸
IV4d U(|N −M|)N′D/Nahm
L∏
i=1
(
q
3
4+
|N−M|−1
4 t|N−M |s±i ; q
)
∞
× 1
min(N,M)!
(q)
min(N,M)
∞
(q
1
2 t2; q)
min(N,M)
∞
∮ L+min(N,M)∏
i=L+1
dsi
2piisi
∏
i 6=j
(
si
sj
; q
)
∞(
q
1
2 t2 sisj
)
∞︸ ︷︷ ︸
II4d U(min(N,M))N′
×
L+min(N,M)∏
i=L+1
1(
q
1
4+
|N−M|
4 t1+|N−M |s±i ; q
)
∞
×
L∏
i=1
L+min(N,M)∏
k=L+1
(
q
3
4 t sisk ; q
)
∞
(
q
3
4 t sksi ; q
)
∞(
q
1
4 t−1 sisk ; q
)
∞
(
q
1
4 t−1 sksi ; q
)
∞︸ ︷︷ ︸
I3d tHM
(
si
sk
)
. (6.50)
We expect that the following triality identity holds
IV
(
L | N
M
)
N ′D = IV
(
N | M
L
)
N ′D = IV
(
M | L
N
)
N ′D . (6.51)
In the H-twist limit t→ q 14 , the quarter-index (6.50) becomes the vacuum character of the VOA
YL,M,N
χYL,M,N =
1
L!
∮ L∏
i=1
dsi
2piisi
∏
i 6=j
(
1− si
sj
)(
1− sj
si
) |N−M |∏
k=1
1
(qk; q)∞
L∏
i=1
(q
1
2+
|N−M|
4 s±i ; q)∞
× 1
min(N,M)!
∮ L+min(N,M)∏
i=L+1
dsi
2piisi
∏
i 6=j
(
1− si
sj
)(
1− sj
si
)
×
L+min(N,M)∏
i=L+1
1
(q
1
2+
|N−M|
2 s±i ; q)∞
L∏
i=1
L+min(N,M)∏
k=L+1
1(
1− sisk
)(
1− sksi
) (6.52)
and (6.51) becomes the identity of the vacuum characters of the VOA YM,L,N , YL,N,M and YL,N,M
[12]
χYM,L,N (q) = χYL,N,M (q) = χYN,M,L(q). (6.53)
Acknowledgements
We would like to thank Miroslav Rapcak for useful discussions and comments. D.G. is supported
by the Perimeter Institute for Theoretical Physics. T.O. is supported in part by Perimeter Institute
101
for Theoretical Physics and JSPS Overseas Research fellowships. Research at Perimeter Institute
is supported by the Government of Canada through the Department of Innovation, Science and
Economic Development and by the Province of Ontario through the Ministry of Research, Innovation
and Science.
A Notation
We use the standard notation by defining q-shifted factorial
(a; q)0 := 1, (a; q)n :=
n−1∏
k=0
(1− aqk), (q)n :=
n∏
k=1
(1− qk), n ≥ 1,
(a; q)∞ :=
∞∏
k=0
(1− aqk), (q)∞ :=
∞∏
k=1
(1− qk) (A.1)
where a and q are complex numbers with |q| < 1.
B Formulae
The following formulae are frequently used in this paper:
(x; q)∞ =
∞∑
n=0
(−1)nq n
2−n
2 xn
(q; q)n
. (B.1)
1
(x; q)∞
=
∞∑
n=0
xn
(q; q)n
, |x| < 1. (B.2)
B.1 Jacobi’s triple product identity
Jacobi’s triple product identity is given by
(q)∞(q
1
2x; q)∞(q
1
2x−1; q)∞ =
∑
n∈Z
(−1)nq n
2
2 xn, x 6= 0. (B.3)
B.2 q-binomial theorem
The q-binomial theorem is
∞∑
n=0
(a; q)n
(q; q)n
zn =
(az; q)∞
(z; q)∞
. (B.4)
This was derived by Cauchy [48], Heine [49] and other mathematicians.
B.3 q-Gauss summation theorem
The q-Gauss summation theorem is
∞∑
n=0
(a; q)n(b; q)n
(c; q)n(q; q)n
( c
ab
)n
=
(
c
a ; q
)
∞
(
c
b ; q
)
∞
(c; q)∞
(
c
ab ; q
)
∞
. (B.5)
This was firstly proven by Heine [49] (see also [50]).
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B.4 Ramanujan’s summation formula
Ramanujan’s summation formula is∑
n∈Z
(a; q)n
(b; q)n
zn =
(q)∞(ba−1; q)∞(az; q)∞(qa−1z−1; q)∞
(b; q)∞(qa−1; q)∞(z; q)∞(ba−1z−1; q)∞
, |b/a| < |z| < 1. (B.6)
This was firstly given by Ramanujan [51]. Later it was proven by Andrews [52], Hahn [53], M. Jackson
[54], Ismail [55] and Andrews and Askey [56].
B.5 Minimal mirror identity
Minimal mirror identity is given by
(q
1
2 sx; q)∞(q
1
2 s−1x−1; q)∞
(q
1
4 ts; q)∞(q
1
4 ts−1; q)∞
=
1
(q)∞(q
1
2 t2; q)∞
∑
m∈Z
q
m2
2 (−1)msmxm(q 34+mtx; q)∞(q 34−mtx−1; q)∞. (B.7)
This identity is physically conjectured in [33] from mirror symmetry of N = (0, 4) half-BPS boundary
conditions for 3d N = 4 Abelian gauge theories.
C Series expansions
For the examples in section 3, 4 and 5, we show the orders of terms in the q-series expansions which
the indices agree up to as well as the first several terms in the expansions.
C.1 Half-indices of interfaces in N = 4 SYM and S-dualities
interfaces expansions up to orders
U(2)|U(2) 1 + ( 1t2 + 2t2) q 12 + 2+5t8t4 q + ( 2t6 − t2 + 8t6) q 32 + · · · O(q5)
U(3)|U(3) 1 + ( 1t2 + 2t2) q 12 + 2+5t8t4 q + 3+2t4+t8+10t12t6 q 32 + · · · O(q2)
U(2)|U(1) 1 + ( 1t2 + 2t2) q 12 + (−1 + 1t4 + 4t4) q + ( 1t6 − 2t2 + 6t6) q 32 + · · · O(q5)
U(3)|U(1) 1 + ( 1t2 + 2t2) q 12 + (−1 + 1t4 + 4t4) q + ( 1t6 − t2 + 7t6) q 32 + (1 + 1t8 − 4t4 + 11t8) q2 + · · · O(q5)
U(4)|U(1) 1 + ( 1t2 + 2t2) q 12 + (−1 + 1t4 + 4t4) q + ( 1t6 − t2 + 7t6) q 32 + (1 + 1t8 − 3t4 + 12t8) q2 + · · · O(q5)
U(2)|U(3) 1 + ( 1t2 + 2t2) q 12 + 2+5t8t4 q + 2+t4+9t12t6 q 32 + (1 + 3t8 − 3t4 + 16t8) q2 + · · · O(q5)
U(2)|U(4) 1 + ( 1t2 + 2t2) q 12 + 2+5t8t4 q + 2+t4+9t12t6 q 32 + (2 + 3t8 − 2t4 + 17t8) q2 + · · · O(q5)
(C.1)
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C.2 NS5′-D5 junction
NS5′-D5 jct. expansions up to orders
( 2 20 0 ) 1 + 2t
2q
1
2 − t(1+x2)x q
3
4 + 5t4q − 3(t3(1+x2))x q
5
4 + t283 + 8t4)q
3
2 + · · · O(q5)
( 3 30 0 ) 1 + t
2q
1
2 − t(1+x2)x q
3
4 + 3t4q − 2(t3(1+x2))x q
5
4 + t2(2 + 5t4)q
3
2 + · · · O(q5)
( 1 20 0 ) 1 + 2t
2q
1
2 + t2
(
4t2 − 1x − x
)
q +
(
2t2 + 6t6 − 2t4(1+x2)x
)
q
3
2 + · · · O(q5)
( 1 30 0 ) 1 + 2t
2q
1
2 + 4t4q − t3(1+x2)x q
5
4 + t2(2 + 7t4)q
3
2 + · · · O(q5)
( 1 40 0 ) 1 + 2t
2q
1
2 + 4t4q +
(
2t2 + 7t6 − t4(1+x2)x
)
q
3
2 + · · · O(q5)
( 2 30 0 ) 1 + 2t
2q
1
2 + t2
(
5t2 − 1x − x
)
q +
(
2t2 + 9t6 − 3t4(1+x2)x
)
q
3
2 + · · · O(q5)
( 2 40 0 ) 1 + 2t
2q
1
2 + 5t4q − t3(1+x2)x q
5
4 + t2(2 + 9t4)q
3
2 + · · · O(q5)
( 3 40 0 ) 1 + 2t
2q
1
2 + t2
(
5t2 − 1x − x
)
q +
(
2t2 + 10t6 − 3t4(1+x2)x
)
q
3
2 + · · · O(q5)
( 1 11 1 ) 1 +
(
1
t2 + 4t
2
)
q
1
2 − t(1+x4)x2 q
3
4 +
(−2 + 1t4 + 10t4) q − 5(t3(1+x4))x2 q 54 + · · · O(q5)
( 1 12 0 ) 1 + 3t
2q
1
2 + (−1 + 7t4)q − t3(1+x2)x q
5
4 + (t2 + 13t6)q
3
2 + · · · O(q5)
( 2 13 0 ) 1 + 3t
2q
1
2 + (−1 + 8t4)q − t3(x21+x22)x1x2 q
5
4 + 17t6q
3
2 + · · · O(q3)
( 3 12 0 ) 1 + 3t
2q
1
2 − t(x21+x22)x1x2 q
3
4 + (−1 + 8t4)q − 4(t3(x21+x22))x1x2 q
5
4 + · · · O(q3)
( 1 21 2 ) 1 +
(
1
t2 + 4t
2
)
q
1
2 − t(x1+x22)x1x2 q
3
4 +
(
1
t4 + 12t
4
)
q − 2(1+5t4)t q
5
4 + · · · O(q5)
( 1 12 3 ) 1 +
(
1
t2 + 4t
2
)
q
1
2 +
(
1
t4 + 12t
4 − t2(x1+x22)x1x2
)
q + · · · O(q5)
( 1 23 4 ) 1 +
(
1
t2 + 4t
2
)
q
1
2 − t(x1+x22)x1x2 q
3
4 +
(
1 + 1t4 + 13t
4
)
q − (1+5t4)(x21+x22)tx1x2 q
5
4 + · · · O(q3)
(C.2)
C.3 NS5′-NS5 and D5-D5′ junctions
NS5′-NS5 jct. expansions up to orders
( 2 20 0 ) 1 + t
2q
1
2 +
(
−1 + 2t4 − t2(1+x2)x
)
q +
(
−t2 + 2t6 − t4(1+x2)x
)
q
3
2 + · · · O(q5)
( 3 30 0 ) 1 + t
2q
1
2 + (−1 + 2t4)q +
(
− t3x − t3x
)
q
5
4 + (−t2 + 3t6)q 32 + · · · O(q2)
( 1 11 1 ) 1 +
2(1+t4)
t2 q
1
2 +
(
−3 + 3t4 + 3t4 − 1+x
4
t2x2 − t
2(1+x4)
x2
)
q + · · · O(q5)
( 2 22 2 ) 1 +
2(1+t4)
t2 q
1
2 +
(
1 + 5t4 + 5t
4
)
q +
(
8
t6 + 8t
6 − 1+x4x2 − 1+x
4
t4x2 − t
4(1+x4)
x2
)
q
3
2 + · · · O(q2)
( 1 20 1 ) 1 +
(
1
t2 + t
2
)
q
1
2 +
(−1 + 1t4 + t4 − 1x − x) q + · · · O(q3)
( 2 40 2 ) 1 +
(
1
t2 + t
2
)
q
1
2 +
(−1 + 2t4 + 2t4) q + ( 2t6 + 2t6 − 1x − x) q 32 + · · · O(q2)
( 1 21 2 ) 1 +
2(1+t4))
t2 q
1
2 +
(−6 + 14 (20 + 16t4 + 12t4)) q + 14 (− 8t3 − 8t) q 54 + · · · O(q5)
( 1 31 3 ) 1 +
2(1+t4)
t2 q
1
2 +
(−1 + 4t4 + 3t4) q + ( 7t6 − t2 + 4t6 − 1+x2x − 1+x2t4x ) q 32 + · · · O(q3)
( 2 32 3 ) 1 +
2(1+t4)
t2 q
1
2 +
(
1 + 5t4 + 5t
4
)
q + 9+2t
4+2t8+8t12
t6 q
3
2 + (1+t
4+t8)(1+x2)
t5x q
7
4 + · · · O(q3)
(C.3)
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